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Abstract. Magnetic and thermal properties of clustered magnetite nanoparticles

submitted to a high-frequency magnetic field is studied by means of rate equations. A

simple model of large particle clusters (containing more than one hundred individual

particles) is introduced. Dipolar interactions among clustered particles markedly

modifiy shape and area of the hysteresis loops in a way critically dependent on particle

size and cluster dimensions, thereby modulating the power released as heat to a host

medium. For monodisperse and polydisperse systems, particle clustering can lead

to either a significant enhancement or a definite reduction of the released power; in

particular cases the same particles can produce opposite effects in dependence of the

dimensions of the clusters. Modulation by clustering of the heating ability of magnetic

nanoparticles has impact on applications requiring optimization and accurate control of

temperature in the host medium, such as magnetic hyperthermia for precision therapy

or fluid flow management, and advanced diagnostics involving magnetic tracers.

1. Introduction

The interest towards the high-frequency properties of magnetic nanoparticles has

substantially increased with the rise of applications of magnetically driven particles

as sources of heat or contrast agents. Applications include such different areas as

biomedicine [1] and oil extraction and transportation industry [2] where, despite the

diversity of subjects, basically the same language, methods, and physical parameters

are involved.

In biomedicine, the functional properties of magnetic nanoparticles play an

important role in rapidly evolving techniques for precision therapy [3] and diagnosis,

such as Magnetic Hyperthermia (MH) [4] where particles serve as point-like heat sources

around or inside internal organs of living bodies, and Magnetic Particle Imaging (MPI)

[5] where they act as magnetic tracers. In both cases, modulating in a controlled way the

heating power released by particles to the surrounding tissues is mandatory in order to
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Heating ability and magnetic particle clustering 2

achieve an efficient, non damaging therapeutic practice or visualization. In MH the aim

is usually to maximize the heating ability of magnetic particles whereas in MPI, where

particles serve as non-invasive, diagnostic tracers, the released power should usually be

kept as low as possible.

Magnetic hyperthermia has been introduced in the clinical practice as a precision

therapy aimed to inflict damage to malignant cells by means of the heat generated

by nanoparticles containing transition-metal atoms or ions. The nanoparticles, which

must be as biocompatible as possible [6], are submitted to a magnetic field H of high

frequency (typically in the interval 10 kHz≤ f ≤1 Mhz) and suitable amplitude [7] with

harmonic or non-harmonic time behaviour [8, 9]. Human physiology imposes limits on

the physical parameters of operation; in particular, the product Hf cannot exceed an

upper threshold in order to avoid discomfort or even nuisance to patients [10]. MH

can be exploited either as a standalone therapy [11] or in association with other curing

techniques, such as chemotherapy or radiotherapy [12]; in this case, the heat released

by magnetic nanoparticles favours a higher therapeutic efficacy and a deeper malignant

tissue penetration [13].

In MPI, the magnetic signal from nanoparticles excited by a high-frequency

harmonic field allows the users to determine their spatial distribution inside vessels

or tissues by means of a tomographic procedure [14]. Medical applications include

vascular imaging and visualization of internal organs, MPI being a promising alternative

to techniques such as positron emission tomography and single-photon computed

tomography which make use of radioactive tracers [15]. Although in some cases it

could be advantageous to associate heating to tracing, in general MPI is intended to

work as a diagnostic method with very limited or no impact on tissues or vessels. In this

case, release of heat to the environment may be an undesired by-product of nanoparticle

magnetic excitation. The short duration of a particle’s excitation is often considered

to guarantee that heating effects are negligible, although there is some controversy

about this point, as well as indications that the problem may be underestimated [16].

Diagnostic MPI requires minimizing the heat released by excited nanoparticles.

Other biomedical applications, based on the displacement of particles by effect a

magnetic field rather than on heating effects include blood detoxification by magnetic

separation [17, 18] and magnetically-assisted haemodialisis [19]. In all cases involving the

interaction of particles with living bodies, bio/haemocompatibility and biodegradability

of magnetic particles play a most important role, as pointed out for various types of

bare, coated, protein-conjugated magnetite nanoparticles [20, 21, 22, 23, 24, 25]

A radically different area of application of the heating properties of magnetically

excited nanoparticles is the treatment of fluids in oil extraction industry (e.g., water-

based/oil-based drilling fluids) and the active coating of the inner surfaces of tubing

to eliminate hindrances to steady flow of oil (dewaxing). The heat delivered by the

magnetic nanoparticles [2, 26] is exploited for flow assurance and improved production

and transport of heavy oil.
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Heating ability and magnetic particle clustering 3

In all these cases, an in-depth knowledge of the physical effects underlying the

production of energy by magnetic nanoparticles is mandatory. Despite the ample

literature on power generation by magnetically driven particles, this aim is still far

from being accomplished. So far, expressions for the generated power based on the

linear response theory [27] have been widely used; however, often the experimental or

theoretical conditions do not allow one to freely make use of such an approximation [28].

At the present stage of scientific development, paralleled by a process of standardization

of the techniques [28, 29, 30, 31], it is necessary to go beyond simplified theories by

exploiting a more precise description of the physical mechanisms which govern the

generation of energy by magnetic nanoparticles in order to obtain reliable predictions

impacting present-day applications.

An important step forward towards a complete understanding of the processes lead-

ing to the production of heat by magnetization rotation or reversal in nanoparticles is

based upon the recognition of the inherent complexity and non-linearity of the under-

lying physical effects which require to be studied from a physicist’s standpoint [32].

In this work, a strategy aimed to modulate the ability of magnetic nanoparticles

to release heat to an environment is proposed and discussed. We show that in the

presence of dipole-dipole interaction nanoparticle clusters either enhance or reduce the

released power with respect to a homogeneous distribution of particles, the fundamental

parameters which determine the sign of the effect being the size of the nanoparticles

and/or the dimensions of the clusters.

A simple model of compact (i.e., three-dimensional, non-dendritic) particle clusters

is proposed. The average distance of individual nanoparticles inside a cluster is smaller

than in the case of a homogeneous dispersion, so that dipole-dipole interaction among

individual particles cannot be neglected. This paper is focussed on clusters with size

of the order of some hundreds of nanometers containing from many hundreds to a few

thousands particles. Examples of this type are not uncommon in the recent literature

[33, 34, 35, 36, 37, 38, 39, 40, 41]. In this case, no direct simulation of the system by

means of computational algorithms (e.g., by solving the LLG equations [42] or by using

Monte-Carlo methods [43]) is possible, whereas this in the natural playground for an

approximate approach based on rate equations [44, 45].

The effect of dipole-dipole interaction within a cluster is studied in the rate-

equation framework by using a recent theory where the interaction is described as an

additional contribution to the energy barrier between the two easy directions for the

particle’s magnetic moment [45, 46]. Rate equations determine the time evolution of

the magnetization when the particles are excited by a high-frequency field, and allow

one to draw the magnetic hysteresis loops. The loop area is proportional to the magnetic

power released to the environment as heat.

The model predicts the changes of the hysteresis loops of clustered particles of

magnetite (Fe3O4) which take place when the cluster size is ideally changed (magnetite

nanoparticles are nowadays one of the most commonly used therapeutic agents in
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Heating ability and magnetic particle clustering 4

nanobiomedicine owing to their biocompatibility). Monodisperse particles (i.e., all

having the same size) with randomly distributed easy directions are studied first. It

is shown that densely populated clusters are able to release an amount of thermal power

markedly different from the one generated by homogeneous distributions. The same

behaviour is observed not only for monodisperse nanoparticles but also in polydisperse

systems, provided that the size distribution function is not too wide.

Therefore, the amount of released heat can be modulated, depending on one’s needs

and the specific application, by using fluid carriers or materials containing properly

clustered instead than individual magnetic nanoparticles.

2. Model

2.1. Rate equations and dipolar interaction model

Rate equations have been shown to be particularly effective in the study of the behaviour

of magnetic nanoparticles submitted to a magnetic field in the low to intermediate

radio-frequency region (f < 1 MHz) [45, 47, 48]. In the rate-equation framework, the

particles are viewed as classical two-well systems characterized by uniaxial magnetic

anisotropy with randomly distributed easy axes. A summary of the distinctive features

of this approach is found in the Supplementary Material (Section 1). The particles

are assumed not to be physically displaced or rotated by effect of the driving field, as

typically observed at high frequency and inside living bodies [49].

The dipolar interaction among nanoparticles is taken into account by adding a

term to the standard expression of the energy barrier between the two wells, therefore

approximating a multi-body problem in terms of a single-particle, mean-field theory, as

discussed elsewhere [47, 50]. For particles made of magnetite (Fe3O4) with volume V =

π/6D3, D being the particle’s diameter and magnetic moment µ = MsV (Ms=350 kA/m

[=350 emu/cm3] being the saturation magnetization at room temperature) dispersed in

a diamagnetic host, the maximum value of the additional contribution Emax
D to the local

energy barrier of each particle is‡:

Emax
D =

µ0

4π
α
µ2

d30
=
µ0

4π
αM2

s V
V

d30
=
µ0

4π
αM2

s V fV (1)

where d0 is the average interparticle distance, related to the volume fraction of

particles dispersed in the host medium by the relation fV = V/d30 [45], and α is a

numerical constant of the order of 10 deriving from the sum over the contributions of

magnetic dipoles surrounding each particle [51]. The maximum value of the dipolar

energy is attained when the dipoles are pointing towards all directions in space during

a cyclic magnetization process (i.e., when the net magnetization of the material is equal

to zero, corresponding to the coercive field on the hysteresis loop). When the dipoles

are aligned by the applied field H, the dipolar energy takes a smaller value [52]; this

‡ in SI-units; equations in cgs-units are reported in the Supplementary Material, Section 8.
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Heating ability and magnetic particle clustering 5

has been modelled by introducing an ad-hoc term in the expression of ED [45], which

finally becomes:

ED(H) =
µ0

4π
αM2

s V (1− |m0|(H)

2
)fV (2)

where the alignment parameter |m0| = |M0|/Ms is the absolute value of the reduced

magnetization of a non-interacting system of monodisperse particles with random easy

axes. This dimensionless quantity takes values between 0 and 1, being zero at the

coercive field and unity at magnetic saturation (H → ∞); when H = 0 it corresponds

to the reduced remanence of the non-interacting loop. The above expression holds for

ideally homogeneous or nearly-homogeneous nanoparticle systems.

The energy barrier EB i(H,φ) of a two-well system whose easy anisotropy axis

makes an angle φ with the magnetic field becomes therefore:

EB i(H,φ) = E 0
B i(H,φ) +

µ0

4π
αM2

s V (1− |m0|(H)

2
)fV . (3)

E 0
B i(H,φ) is the height of the barrier for a non-interacting particle (as seen from

potential well i, with i =1,2) and contains the product of the material’s magnetic

anisotropy Ku (2 × 104 J/m3[= 2 × 105 erg/cm3 ] at room temperature for magnetite)

times the volume V [46], so that the total energy barrier is directly proportional to the

particle volume. The quantity E 0
B i depends on angle φ when H 6= 0, by effect of the

coupling energy term between particle’s magnetic moment and the external field. The

modified energy barrier regulates the time of jump of individual particles from one well

to the other. The hysteretic magnetization is then obtained for each φ angle, and the

φ−dependent results are finally averaged over all angles between the anisotropy axis

and the magnetic field [44].

In homogeneous systems, the effect of dipolar interaction is complex: the additional

energy term, very sensitive to particle size and interparticle distance, turns out to either

increase or decrease the area of the hysteresis loops generated in real applications [45, 53],

therefore acting to enhance or reduce the thermal efficiency of an assembly of interacting

nanoparticles.

The actual interval where magnetite particles excited at high frequency are able

to generate a substantial amount of heat in typical operating conditions of in vivo

applications is not particularly extended, being approximately in the 13-18 nm interval

[47]. In fact, the constraints imposed by physiology require applying small fields when

high frequencies are used in order to keep the product Hf sufficiently low [10], so that

as a rule the particles are called to describe a minor hysteresis loop, i.e., one where the

maximum magnetization (i.e., the magnetization measured at |HV | ) is very far from

technical saturation.

It should be noted that in major hysteresis loops (where the maximum magnetiza-

tion is at or very close to technical saturation), the loop’s area is basically dominated

by the coercive field H
(maj)
c , which at high operating frequency monotonically increases
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Heating ability and magnetic particle clustering 6

with increasing particle size (see Supplementary Material, Section 2). On the contrary,

the area of minor high-frequency loops is substantially different from zero only when

the vertex field is of the same order of magnitude as the coercive field of the major

loop, i.e., H
(maj)
c ' HV [45]. There is a limited interval of particle sizes where this

condition is fulfilled; for values of D outside this interval, the loops are very narrow and

the associated area very small. The point is made clear in the Supplementary Material.

In a polydisperse system characterized by a distribution function of particle sizes

p(D) and a random distribution in space of particles having different sizes, with average

interparticle distance d0, Equation (3) is substituted by [45]:

EB i(H,φ) = E 0
B i(H,φ) +

µ0

4π
αM2

s

V 2

V
(1− |m0|(H)

2
fV , (4)

where V =

∫
V p(D)dD, V 2 =

∫
V 2p(D)dD, and use has been done of the relation

fV = V /d0
3
. The dipolar energy is still given by Equation (1) where µ2 → µ2 = M2

s V
2 .

Here |m0| is the absolute value of the average reduced magnetization of size-distributed,

non-interacting particles. The resulting hysteresis loops are first averaged over φ and

finally summed up using p(D) as weight function.

As a final remark, the rate equation approach cannot be indiscriminately exploited

to describe the behaviour of magnetic nanoparticles of arbitrary size [8]. In principle,

rate equations approximate the Fokker-Planck equation for the double-well problem

when the ratio EB i/kBT is larger than unity [54]; however, they were shown to be still

useful when EB i/kBT ' 0.92 or just below [54]. As a consequence, at each temperature

there is a lower limit to the diameter of nanoparticles which can be analysed by the rate

equation method. Taking EB i = E0
B i = KuV , the limit is expressed by the condition

D & (5.52 kBT/πKu)
1/3. In the present case, around room temperature the lower limit

turns out to be D ' 7.5 nm, so that the diameter D of the studied particles is equal to

or larger than 8 nm.

2.2. Modeling nanoparticle clusters

We study the effect of inhomogeneities in the space distribution of magnetic particles on

the hysteresis loops and the resulting heating efficiency, without however investigating

the microscopic causes leading to the development of inhomogeneities (which can be

of electrical, magnetic, chemical nature). Inside a cluster the magnetic particles are

assumed to be still isolated, i.e. not in physical contact (in order to exclude magnetic

contact interaction such as the exchange interaction); however, the interparticle distance

d is much shorter than the one existing in a homogeneous system with the same volume

fraction, so that the dipole-dipole energy, proportional to d−3, is much stronger. On the

other hand, clusters are assumed to be well separated from each other, so that dipolar

interactions between any two of them can be neglected as a first approximation.
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Heating ability and magnetic particle clustering 7

Figure 1. Two-dimensional sketch of idealized particle clustering. Each dot of

the array represents a magnetite nanoparticle of diameter D. Left panel: uniform

distribution of particles with mean distance d0. Centre and right panels: two different

stages of the formation of clusters of side L. The second row shows for all cases an

enlargement of the region outlined in blue in the first row. The behaviour of the density

of particles is schematically shown in the third row.

We consider monodisperse particles first. The development of clusters from an ini-

tially homogeneous distribution of particles is figured out as follows (see Figure 1, where

for simplicity the two-dimensional case is depicted):

- homogeneously dispersed particles of diameter D are first placed on a simple cubic

lattice whose nearest-neighbour distance is d0 = (V/fV )1/3 (upper left panel of Figure

1; the intermediate left panel shows an enlarged view of the immediate surroundings of

any particle);

- the length L0 = Nd0 is introduced, with N >>1 (two cases [N = 10 and N = 20]

will be considered in the following); the system of nanoparticles can therefore be viewed

as an assembly of juxtaposed, identical cubes of side L0; the length L0 is linked to the

number of particles in a cluster, N (cl) = (N + 1)3 ' L3
0 fV /V ;

- the size of each cube is then uniformly reduced along three dimensions by keeping the

initial distance between centres (L0); the side length becomes L < L0 (centre panels of

Figure 1); within a cluster the interparticle distance is now d < d0, with d = L/N ;
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Heating ability and magnetic particle clustering 8

- during the process the center-to center distance between adjacent clusters remains

fixed at L0;

- the process is carried on until a minimum interparticle distance is attained (right

panels of Figure 1);

- the cubic clusters are assumed to be separated by a face-to-face distance L0 − L such

that they can be considered as non-interacting. This means that the actual arrangement

of the clusters within the material is unimportant, i.e., the model’s results do not depend

on the more or less regular separation between clusters;

- the average density of particles in the host material (parameterized by the volume

fraction fV ) is always the same and equal to V/d30; however, within a cluster the

local density becomes f
(cl)
V = V/d3 while outside it drops to zero, each cluster being

surrounded by a region of material where there are no particles; this is schematically

shown (in one dimension) in the bottom line of Figure 1.

We explicitly acknowledge that this highly idealized mechanism of particle

clustering is not a description of the actual processes of cluster formation in real

materials, which are usually driven by physical or chemical mechanisms including

interaction with hydrophobic blocks of copolymers [33, 41] or microgels [34, 38],

alternating magnetic field assisted co-precipitation [35], solvothermal reactions [36] and

surfactant-assisted synthesis [37]. However, our model has the advantage of providing

a simple way to understand how and how much does dipolar interaction affect the

magnetic behaviour of clusters of different size. Using a different spatial arrangement of

nanoparticles does not to entail substantial differences with respect to this model (see

Supplementary Material, Section 3).

These cubic particle clusters contain (N + 1)3 particles whose distance is lower

than d0 and are separated by extended regions of non-magnetic material. The model

can be applied to describe the magnetic properties of arrays of dense, isotropic clusters

of particles, often observed in the literature [33, 34, 35, 36, 37, 38, 39, 40, 41], whilst

cannot be directly applied to describe irregular or fractal clusters [55] or linear chains

[56].

Both an upper and a lower limit to cluster size can be defined. The lower limit of

L derives from the requirement that the dipolar energy should not exceed a maximum

threshold in order to apply the mean-field approach of Equations 1 and 2. In particular,

the maximum dipolar energy defined in Equation 1 must not be much larger than the

barrier arising from the particle’s magnetic anisotropy [57], which is equal to KuV when

H = 0. Requiring that Emax
D . 2KuV implies that the condition µ0

4π
αM2

s fV . 2Ku

must be satisfied; this results in the following condition on the interparticle distance d:

d & dmin =

(
µ0 αM

2
s

48Ku

)1/3

D (5)

With the parameter values used in this work, the condition becomes d & 1.17D. As

a consequence, we require that d not to be less than dmin = 1.2D, so that L ≥ 1.2ND.

The upper limit of L derives instead from the requirement that the clusters must
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Heating ability and magnetic particle clustering 9

be separated from each other so that the dipolar interaction between any two of them

is negligible. The existence of an effective cutoff length for dipole-dipole interactions

among magnetic nanoparticles has been inferred by theoretical considerations [45] and

substantiated by measurements [58, 59]. In particular, the cutoff length λ is of the order

of 4D at f =100 kHz, i.e., at the magnetizing frequency used in this work [45]. In other

words, magnetic particles separated by a distance equivalent to four diameters or more

can be assumed as non-interacting. An explicit proof can be found in the Supplementary

Material, Section 4. It is therefore required that two neighbouring cubes of size L are

placed at a face-to-face distance such that L0−L > 4D, which can be transformed into

the condition d < dmax = d0 − 4D/N .

In the following, the model will therefore be applied by requiring that the

interparticle distance within a cluster d varies in the range 1.2D ≤ d ≤ (d0 − 4D/N).

2.3. Dipole-dipole interaction in a cluster

Within a cluster, the dipole-dipole interaction is generally enhanced by the reduction

of the interparticle distance. However, a distinction has to be made between core and

surface effects. In fact, particles present, e.g., on the cube’s face experience a reduced

dipolar interaction because of the lack of translational symmetry. An example is shown

in Figure 2, where the left panel refers to a particle in the cluster’s core and the right

panel to a particle on any of the cube’s faces. In both cases, the reference particle (in red)

is surrounded by magnetic dipoles placed on the 1st, 2nd, 3rd ... neighbour lattice sites

and concurring to determine the value of the dipole-dipole energy on it. For simplicity

of representation, only the first three neighbours are highlighted in different colours.

The actual counting of active neighbours takes into account the requirement that their

distance from the centre has to be smaller than λ = 4D, as previously discussed; it

should be noted that the actual number of dipoles giving a nonzero contribution to

the dipolar energy increases with reducing the cluster size, i.e., the inner interparticle

distance d.

The dipole-dipole energy of a core particle (panel a) and of a particle placed either on

a face (as in panel b), or an edge or a vertex of the cube is assumed to be determined

by the number of active neighbours, which is different in each case (core, face, edge,

vertex). The assumption can be justified by recalling that the parameter α appearing in

Equation 1 actually contains a summation over all active neighbours [51] of the reference

particle.

Therefore, if the number of active neighbours for a particle placed on a cube’s face

is nf and the one for a core particle is nc, with nf < nc, the dipolar energy on the former

particle is assumed to be simply reduced by a factor nf/nc with respect to the one of a

core particle. It should be noted that a decrease in the number of active neighbours is

observed not only for the particles on the outer layer of the cube, but also for the ones

present on the second layer from outside.

As a consequence, the energy barriers are different for two-level systems in the core

Page 9 of 50 AUTHOR SUBMITTED MANUSCRIPT - JPhysD-127144.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Heating ability and magnetic particle clustering 10

Figure 2. First, second, third neighbours (spheres in yellow, green, violet) of a

reference particle (in red) placed either in the cluster’s core (panel a) or on one of

the cube’s faces (panel b). The overall number of active neighbours on the face is

always smaller than the one in the core.

and at the cluster’s surface (this term grouping all layers interested by any reduction of

the number of active neighbours), so that the kinetics of redistribution of the population

between the two energy wells is different from core to surface. The overall cluster’s

contribution is therefore obtained by doing the weighted sum of the results obtained for

all types of surface and core particles, the weights being given by the ratios between the

number of particles of each type divided by the total number of particles in the cluster:

as an example, when the surface is comprised of the first two outer layers of a cube of

size L = Nd made of (N + 1)3 particles there are (N − 3)3 particles in the core and 8

particles on the outer vertexes, so that the weight of the contribution from core particles

is (N − 3)3/(N + 1)3, whilst the one from the outer vertex particles is 8/(N + 1)3, and

so on for all particles belonging in the two outer layers.

3. Results and Discussion

Room-temperature magnetic hysteresis loops of particle clusters are computed by

numerically solving the rate equations [44] under a harmonic magnetic-field waveform

of frequency f = 100 kHz with vertex field HV = 7.958 kA/m (=100 Oe). It should be

stressed that the considered loops are minor loops. In actual applications of magnetic

particles for hyperthermia in living bodies it is strictly required that the vertex field be

kept as low as possible, so that minor hysteresis loops are typically generated [60].

The volume fraction of magnetite nanoparticles dispersed in the host medium is
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Heating ability and magnetic particle clustering 11

fV = 0.01, a value corresponding to a rather small amount of magnetically active

material when particles are homogeneously dispersed; notice that this value remains

the same on the average even in the presence of clustering, although within a cluster

the local volume fraction is much higher. All parameter values closely correspond to the

ones typically found in in vitro and in-vivo applications of magnetic hyperthermia [10].

3.1. Clusters of monodisperse particles

Examples of the effect of particle clustering on the shape of the high-frequency hysteresis

loops with vertex field HV = 7.958 kA/m (100 Oe) are shown in Figure 3 for

monodisperse magnetite particles of three different diameters (note that the dipolar

energy term ED increases with increasing D as µ2 ∼ D6). The cluster size is equal to

N = 10 interparticle distances, so that each cluster contains (N + 1)3 ' 1.33 × 103

particles.

Figure 3 shows that particle clustering strongly modifies the hysteresis loop’s area

AL and consequently the heating efficiency of the nanoparticle assembly. In magnetic

hyperthermia, a typical figure of merit is the Specific Loss Power (or SLP) defined as

the power released by the nanoparticles divided by their total mass [10]. The Specific

Loss Power (WSLP ) is directly proportional to the loop’s area AL measured at a given

frequency f according to the relation WSLP = fVALf/ρFe3O4 [10] where ρFe3O4 ' 5240

Kg/m3 is the mass density of magnetite.

The behaviour of the loops of Figure 3 is explained taking into account the com-

plex effects of dipolar interaction on the width of hysteresis loops, which were clarified

elsewhere [45]. In brief, the widest hysteresis loop is expected - for a given frequency

f and vertex field HV - when the typical time of jump across the energy barrier (τ) is

roughly equal to the driving field period 1/f . At constant temperature, the value of τ

is determined by the particle diameter, D, and by the strength of dipolar interaction

(which monotonically increases with decreasing cluster size L), so that a very wide hys-

teresis loop emerges for one (and only one) pair of values of D and L, which makes the

height of the energy barrier such that the condition τ ' 1/f is fulfilled. The three cases

shown in Figure 3 are discussed in more detail in the following paragraphs.

WhenD = 10 nm, the interparticle distance for the homogeneous particle dispersion

is d0 = (V/fV )1/3 ' 37.4 nm. At the operating frequency, the hysteresis loops are

observed to be extremely narrow for both the homogeneous dispersion and all cluster

sizes; in fact, for large interparticle distances the magnetization is nearly anhysteretic

(left panel, red and green line); the dipolar interaction, which increases with decreasing

L as ED ∼ d−3 ∼ L−3, is always very small and begins to play a barely discernible role

for the smallest studied cluster size only (L ' Ndmin ' 1.2ND), resulting in a narrow

closed loop (black line). In this case, the condition τ ' 1/f is never fulfilled in the

range of validity of the model.

When D = 13 nm, d0 = (V/fV )1/3 ' 48.6 nm. In this case, the SLP is initially strongly
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Heating ability and magnetic particle clustering 12

enhanced by particle clustering (compare green and red lines in centre panel): dipolar

interaction, strengthened by the reduction of the interparticle distance, increases both

the coercive field and the magnetic remanence of the loops, making them much wider

than the ones found in the homogeneous dispersion or in very large clusters. However,

further reducing the cluster size (and the associated interparticle distance) a sharp

reduction of WSLP (black line) is observed. Therefore, a maximum of the SLP exists for

an intermediate cluster size, where the condition τ ' 1/f is fulfilled.

Figure 3. Minor hysteresis loops of magnetite particle clusters computed at f = 100

kHz for three values of the cluster size L. Left: particle diameter D = 10 nm; center:

D = 13 nm; right: D = 16 nm. Vertex field HV = 7.958 kA/m (100 Oe) in all cases.

When D = 16 nm, the homogeneous interparticle distance is d0 ' 59.9 nm. In

the homogeneous sample the SLP is large and monotonically decreases with decreasing

cluster size. In this case, the condition τ ' 1/f is fulfilled for the homogeneous system

only.

Therefore, particle size plays an importantl role on the effects on WSLP arising

from clustering. An example of the complete behaviour of the SLP as a function of

cluster size over the entire interval of validity of the model is reported in the left panel

of Figure 4 for D = 13 nm and for clusters characterized by N = 10 and 20 (black/red

symbols, respectively). The SLP values of homogeneously dispersed and non-interacting

particles are also shown (dark green symbol at right bottom, and dashed horizontal line,

respectively). For the considered value of fV the effect of dipolar interactions in the ho-

mogeneous dispersion is small and produces a modest increase in the heating efficiency

with respect to the non-interacting case; however, when particle clusters begin to be

formed, the heating efficiency is enhanced, reaching a value almost seven times higher

than in the homogeneous system. Finally, when the cluster size becomes so small that

d approaches dmin, WSLP begins to decrease by effect of the increase in dipolar energy

which takes place at small interparticle distance. Figure 4 indicates that the parameter
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Heating ability and magnetic particle clustering 13

most affecting the WSLP (L) curve for particles of diameter D is the interparticle dis-

tance in a cluster, d, rather than cluster size. However, a lesser role is also played by

the number of particles comprised in a cluster, because of the edge effects related to the

smaller dipolar interaction existing at the cluster’s surfaces. Edge effects play a greater

role for small N and are responsible for the difference between the two curves shown in

the left panel of Figure 4; the behaviour of additional WSLP curves for 10 ≤ N ≤ 100

is reported in the Supplementary Material, Section 5. The distinctive features of the

WSLP curves (e.g., maximum value of WSLP , position of the maximum, width of the

peak) are markedly influenced by the particle diameter, as also shown in the Supple-

mentary Material. This is related to the fact that a change of D modifies the dipolar

energy contribution as D2 for any value of the interparticle distance d.

Figure 4. Left panel: behaviour of the specific loss power WSLP as a function of the

cluster size for two different clusters of 13-nm magnetite nanoparticles with (N = 10

and N = 20). Shown at bottom right is the value for the homogeneous distribution.

The temperature increments shown on the right vertical axis have been estimated using

a simple model of heating (see Section 3.4). Right panel: effect of particle clustering

on WSLP as a function of the reduced cluster size L/L0 for different particle diameters

(the points at L/L0 = 1 are the WSLP values of the homogeneous distributions; the

dotted lines are guides for the eye).

The right panel of Figure 4 shows the role of particle size on the variation of

the SLP by effect of particle clustering (with N = 10). In order to compare datasets

arising from different values of D the reduced cluster size L/L0 is used (remember that

L0 = Nd0 = N(V/fV )1/3). The points at L/L0=1 correspond to the values obtained

for homogeneously dispersed particles. It should be remarked that for D . 10 nm the

magnetization curves are basically anhysteretic not only for the homogeneous dispersion
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Heating ability and magnetic particle clustering 14

but also for all explored cluster sizes, so that the WSLP is basically zero throughout.

For the considered L/L0 values, corresponding to the region where the model can

be applied, WSLP steadily decreases with decreasing cluster size when D ≥ 16 nm.

In the interval 12 ≤ D ≤ 15 nm the SLP first increases with decreasing L/L0 and is

reduced when the reduced cluster size becomes small. When D < 12 nm, WSLP steadily

increases with decreasing cluster size. Such a behaviour is clearly related to dipole-dipole

interaction, as discussed in Section 2.1. Generally speaking, particle clustering results

in an enhanced thermal efficiency of small particles packed in dense clusters, whilst the

opposite is true for large particles. The change takes place gradually with increasing D.

3.2. Cluster size maximizing the SLP

The effects described in the previous Section can be quantitatively described taking

into account the ratio between the Néel relaxation time, i.e., the mean time between

two flips of the magnetization across the barrier, to the driving field’s period. The

behaviour of WSLP with the volume fraction of homogeneously dispersed particles was

discussed elsewhere [45]. There, taking into account the relation between fV and

the interparticle distance d, it was shown that the curve WSLP (fV ) displays a single

maximum corresponding to an interparticle distance such that the typical relaxation

time τ is of the order of the period of the driving field, 1/f .

In the present case, although the overall volume fraction is always the same, the

interparticle distance d depends on the size of the clusters. The value of d

corresponding to the maximum of WSLP is found by imposing the standard condition

τ = τ0 exp
[
EB(d)
kBT

]
' 1/f [47] where τ0 ∼ 10−9 s is the reciprocal of the attempt frequency

and EB is the height of the energy barrier at H = 0, which is a function of fV and

therefore of d through the dipolar energy term (see Equation 3). The cluster size L(Max)

where WSLP takes the maximum value turns out to be:

L(Max) = Nd(Max) =
N

2

{
αM2

s π

18
[
kBT ln(1/τ0f)− (π/6)KuD3

]}1/3

D2. (6)

This equation is valid only for values of D such that the denominator of the

expression in braces is positive. When the denominator goes to zero, the optimal

interparticle distance d(Max) diverges, which in the model’s language means that WSLP

would be largest for an infinitely dilute, non-interacting system (the dipolar interaction

disappears in the limit of an infinite interparticle distance).

The behaviour of L(Max) as a function of particle diameter D is shown in the left panel of

Figure 5. The two shaded regions indicate the zones where Equation 6 cannot be applied.

In fact, the lower region is bounded by the L = Ndmin ' 1.2ND line (see Equation 5)

whereas the upper region is bounded by the L = L0 ≡ Nd0 line, corresponding to the

homogeneous dispersion of particles.

In Figure 5, the red curve merges with the L = 1.2ND line for D . 11 nm: in this

case, d(Max) = dmin, because the real absolute maximum of the WSLP (L) curve would
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Heating ability and magnetic particle clustering 15

occur at a distance d < 1.2D, where the model is no longer applicable. In this interval

of particle sizes, the WSLP (L) curve monotonically increases with decreasing L.

On the other hand, the red curve merges with the L = L0 line for D & 15 nm: for

large particle sizes the SLP is largest for the homogeneous dispersion, and clustering

reduces the heating ability of nanoparticles. Only in the interval 11 . D . 15 nm there

exists an intermediate distance d(Max) and an associated cluster size L(Max) = Nd(max)

where the WSLP (L) curve displays an absolute maximum.

Figure 5. Left: Optimal cluster size L(Max) corresponding to the maximum SLP

as a function of particle size D, according to Equation 6 (red line). Patterned areas:

regions where the analytic expression cannot be applied (see text). Right: comparison

between the values of the ratio L(Max)/L0 ≡ d(Max)/d0 predicted by Equation 7 and

observed in the computed WSLP (L) curves.

The ability of Equation 6 to actually predict the position of the maximum SLP can

be checked by dividing the expression for L(Max) by L0 = Nd0 = N(π/6fV )1/3D:

L(Max)

L0

=
d(Max)

d0
=

1

2

{
αM2

s fV

3
[
kBT ln(1/τ0f)− (π/6)KuD3

]}1/3

D. (7)

The behaviour of L(Max)/L0 = d(Max)/d0 with diameter D is shown on the right

panel of Figure 5 (black dashed line) and the actual maxima of the WSLP curves sim-

ulated in the same interval of D values (including the ones shown in the right panel of

Figure 5) are plotted as red circles. The agreement between the analytic expression and

the results of numerical computation is very good, indicating that the application of the
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Heating ability and magnetic particle clustering 16

model gives self-consistent results.

3.3. Particle size and maximum possible enhancement/reduction of the SLP

The effect of particle size on the maximum possible enhancement of the SLP by particle

clustering is depicted in Figure 6 (black open symbols in the left panel). By ”maximum

possible enhancement” it is meant here that there exist one size of the clusters, L(Max),

for which the SLP takes the highest possible value W
(Max)
SLP for a given particle size.

As previously discussed, an absolute maximum of the WSLP (L) curve is found for

particle sizes larger than D = 11 nm only; therefore, this region is shown in Figure

6. The red circles represent the WSLP values obtained for homogeneously dispersed

particles. When D is decreased from D = 18 nm to 11 nm, W
(Hom)
SLP increases, reaches

a maximum for D close to 15 nm, then decreases and becomes rapidly negligible. Such

a behaviour has been explained in detail elsewhere [45] and was briefly discussed in

Section 3.1. A sharp maximum of W
(Hom)
SLP is found when the hysteresis loop is very

wide; in turn, the loop is widest when the typical time of jump across the energy barrier

(τ) becomes roughly equal to the driving field period 1/f (the condition is verified, for

a homogeneous system, when D ' 15 nm).

On the contrary, the open symbols represent the W
(Max)
SLP values predicted in clustered

systems. It is observed that for D & 15 nm the two datasets are perfectly coincident:

this means that particle clustering does not give a better SLP than the one of the

homogeneous dispersion (actually, clustering decreases the SLP in this region). Below

15 nm, however, the values of W
(Max)
SLP , although decreasing with decreasing D, remain

significanty higher than the ones of W
(Hom)
SLP . This means that in this region the

formation of clusters of suitable size permits to effectively enhance the heating ability

of nanoparticles.

No exact analytic expression of W
(Max)
SLP can be derived from the rate equations;

however, its functional dependence on particle size D can be determined by exploiting

the condition τ ' 1/f , as discussed in the Supplementary Material, Section 6. In

particular, in the interval of validity of Eq.6 the functional dependence of the maximum

SLP on D turns out to be of the type:

W
(Max)
SLP (D) =

a

1 + exp(−βD3)
− c (8)

Meaning and values of the constants a, β, c ' a/2 are discussed in the Supplemen-

tary Material. The values of W
(Max)
SLP obtained from the numerical solution of the rate

equations are well fitted by Eq. 8 (dashed blue line in Figure 6) with the following

parameter values: a = 191.90 W/g, β = 2.55 ×1017 cm−3, c = 102.38 W/g. It should be

noted that while the calculation done in the Supplementary Material does not permit to

obtain the values of constants a and c which are adjustable parameters derived from the

fit, the quantity β, instrumental in determining the functional dependence of W
(max)
SLP on
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Heating ability and magnetic particle clustering 17

Figure 6. Left panel: red circles: SLP as a function of particle size in the interval 11

≤ D ≤ 16 nm for homogeneously distributed particles; black open circles: maximum

possible SLP for clustered particles in the same range; dashed blue line: fit to Eq.

8; green open circles: minimum possible SLP for clustered particles. Right panel:

tunability of the SLP as a function of particle diameter D; ∆WSLP is the difference

between the SLP of clustered and homogeneously distributed particles.

D, is accurately predicted by the calculation.

On the other hand, in view of diagnostic applications such as MPI, it may be

interesting to study under which conditions the more effective reduction of the SLP

on clustering is to be expected. The results are also shown in the left panel of Figure

6 (green open symbols). For low particle sizes (D ≤ 12.5 nm) the minimum possible

value of the SLP (W
(Min)
SLP ) corresponds to the homogeneous dispersion of particles; for

higher D values particle clustering brings about a substantial reduction of the SLP with

respect to the homogeneous case, so that W
(Min)
SLP becomes very close to zero.

A suitable graphical representation of the SLP modulation by effect of particle clus-

tering is shown in the right panel of Figure 6. The quantity ∆WSLP = WSLP −W (Hom)
SLP

measures the positive and/or negative variation of the SLP produced by clustered parti-

cles with respect to the homogeneous case, which is taken as a baseline. The parameter

∆WSLP helps clarify the different behaviour of particles in dependence of their size:

small particles (D ≤ 12.5 nm) can only increase their SLP on clustering, whereas clus-

ter formation can only reduce the SLP of large particles (D & 15 nm). For intermediate

values of D (in the present case, around 14 nm) clustering of particles may either en-
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Heating ability and magnetic particle clustering 18

hance or reduce the SLP with respect to the homogeneous case, depending on the size of

clusters. From this viewpoint, this is the particle size which ensures the best tunability

of the SLP.

The model’s features can be discussed along with the ones of recent approaches to

the properties of compact particle clusters, based either on numerical solutions of the

LLG equation [42, 61, 62, 63] or Monte-Carlo simulations [43, 64, 65, 66].

In some simulations the effects of interactions inside the clusters are not considered

in detail [67, 68]. In other papers, a strictly linear approach is adopted to describe

magnetization processes leading to the production of energy by clustered particles

[68, 69, 70]). In all cases the simulations are necessarily aimed to describe very small

clusters, the number of individual particles per cluster never exceeding one hundred,

and often being significantly lesser. In principle, the present method poses no limits to

the size of clusters, takes into account the interactions inside clusters in an effective way,

and is able to provide reliable results even in the operating conditions of therapeutic

hyperthermia where the linear model is no longer applicable, resulting in an imprecise

temperature estimate [47].

Some recent numerical results appear to be either not entirely explained (e.g.,

the maximum of the SLP for a specific interparticle distance in a cluster [61]) or

contradictory (e.g., the contrasting conclusions that SLP is not affected by particle

clustering [64, 63] and that in isotropic clusters it is lower than in individual particles

[42, 43], whereas some measurements do show an increase of SLP on clustering [33, 41]).

These issues can be coherently explained by the present approach, which is based on

an accurate representation of particle magnetization and is remarkably flexible, in the

sense that the relevant physical parameters can be modulated more freely than in strictly

numerical methods.

3.4. Particle clustering and temperature increment

The temperature increment measured during the heating process of a diamagnetic host

medium is modified by nanoparticle clustering as a consequence of the effects on the SLP

we have just described. Specific features of magnetic hyperthermia achieved using either

non-interacting or interacting particles have been discussed in detail elsewhere [45, 47].

Here, an approximate estimate of the temperature achieved by a sample containing

a fraction fV = 0.01 of magnetite nanoparticles, either evenly dispersed or forming

clusters, is done using the simple approach outlined in the Supplementary Material,

Section 7, where the time- and space-dependent temperature increment resulting by

excitation of clustered particles is discussed. A typical result is reported on the right

vertical axis of Figure 4, left panel. It can be concluded that particle clustering can

significantly improve the target temperature with respect to the homogeneous case.

Looking for the most convenient use of clusters of particles, a simple rule of thumb

is given here: if magnetite particles larger than 14-15 nm are being considered for
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Heating ability and magnetic particle clustering 19

practical application requiring a high SLP, the best strategy is to have a homogeneous

dispersion in, or around, the target tissue; conversely, if the particles are in the 11-14 size

range, particle clustering offers a definitely advantageous way to increase the heating

performance without the need of using a large amount of inoculated metal ions.

As a matter of fact, many different sizes of iron oxide nanoparticles have been

considered for practical, i.e., in-vivo applications of magnetic hyperthermia [7]. On the

basis of physiology considerations, particle diameters between 12 and 50 nm have been

indicated as ideal for application in biomedicine, the lower limit being dictated by the

requirement that the particles should be large enough so that they do not cross the pores

of a blood vessel wall, which are typically smaller than 12 nm [71]. The upper limit

is instead defined with reference to the ease of transport in the blood circulation [71].

Let us stress, however, that magnetite particles larger than 18-20 nm (depending on the

parameter values) are basically ineffective as heaters of a living tissue when submitted

to a radio-frequency magnetic field whose amplitude is sufficiently small to be tolerated

by patients [10].

Magnetic fluid hyperthermia has been demonstrated and used in actual clinical

trials using 12-13 nm magnetite nanoparticles with a bio-compatible coating

(NanoTherm (R), [72]). However, in this case the solution is usually inoculated at

a high concentration of 112 mg/mL of iron [72], corresponding to a magnetite particle

volume fraction fV ' 0.03, because a large local amount of magnetite is needed to

achieve thermal tissue ablation. When small particles are to be used, particle clusters of

suitable size can provide a superior heating efficiency, allowing one to significantly reduce

the amount of particle concentration in the magnetic fluid and avoid the detrimental

consequences of the inoculation of a high volume fraction of nanoparticles in a living

body.

On the other hand, use of magnetite nanoparticles in MPI of both healthy and

diseased tissues [5] may imply applying frequencies and amplitudes of the magnetic

field such that local heating of the tissue - which is an undesired by-product of the

technique in this case - cannot be disregarded [16]. In the light of the present analysis,

such a by-product could be avoided by dispersing compact clusters of large (D > 15

nm) particles in the tissue, instead of using single particles. In this case the magnetic

interactions within clusters located at the field-free point (or line) of the MPI scanner [5]

will substantially reduce the hysteresis loops’ area keeping the released heat low, while

the signal generated by the switching cluster magnetization and exploited to produce

the tomographic image is expected to remain easily detectable by a typical MPI setup.

3.5. Clusters of polydisperse particles

Particle clustering has been shown to significantly change the SLP of monodisperse

nanoparticles. However, the effect of clustering is so dependent on particle diameter

that one can ask whether in polydisperse systems a modulation of thermal efficiency

is still possible. Only the case of SLP enhancement is considered here. We have
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Heating ability and magnetic particle clustering 20

explored the variation of WSLP for clustering particles distributed in size according

to a gaussian distribution function p(D) (some examples are shown in the right panel of

Figure 7). Particles of different diameter are assumed to randomly occupy the sites on

the simple cubic lattice representing the homogeneous particle distribution. The average

interparticle distance is now d0 = V /fV where V is the average particle volume. The

energy barrier of each particle is modified by the expression of ED given in Equation 4.

Figure 7. Panel a): effect of a narrow Gaussian distribution of magnetite particle sizes

around three values of D on the behaviour of the SLP with the size of clusters (for

N = 10); the dashed lines apply to the corresponding monodisperse systems. Panel

b): smoothing effect of an increasing standard deviation of the Gaussian distribution

centred at D = 14.5 nm. The Gaussian functions used in panels a) and b) are shown

in the rightmost panel.

The results are reported in Figure 7. The effect of a narrow gaussian distribution

with standard deviation σ = 0.315 nm centred at three different values of D is shown

in panel a along with the curves obtained in the corresponding monodisperse particles

(dashed lines). Therefore, a narrow p(D) function preserves the main features of the

enhancement of the WSLP parameter induced by particle clustering. It should be noted

that the present value of σ corresponds to a range of particle sizes in the 13.5 -15.5

nm interval (see green curve in the right panel), i.e., a range of about 2 nm which is

compatible with the requirements for hyperthermia-based therapy [7, 72], where however

the conceptual aim is to deal with an even narrower dispersion of particle sizes. An

example of the smoothing effect observed by increasing the standard deviation of p(D)

is shown in panel b of Figure 7, where the WSLP (d) curves corresponding to the delta

function and to three gaussian distributions, all peaked at D = 14.5 nm, are reported.

The colours correspond to the σ values reported in the centre panel. Of course, the

larger σ, the smoother and featureless is the WSLP (d) curve. Generally speaking,

beneficial effects of particle clustering on thermal efficiency clearly emerge when the

particle distribution function is sufficiently narrow.
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4. Conclusion

The formation of dense clusters of magnetite nanoparticles significantly modifies their

heating efficiency with respect to the homogeneous dispersion. The effect is dominated

by dipole-dipole interaction which can become particularly strong inside a cluster

because of the lower mean interparticle distance. This results in an increase of the

energy barrier which has to be overcome by the magnetization of a particle.

A simple idealized model of magnetic clusters has been developed. The effect of

intra-cluster dipolar interactions on the shape of minor hysteresis loops turns out to be

critically dependent on particle size. As a consequence, clustering of small magnetite

nanoparticles (D . 14 nm) leads to a significant enhancement of the specific loss

power, and clustering of large particles (D & 15 nm) reduces their ability to heat. In

other words, large particles are more efficient as heaters when they are homogeneously

distributed in a host medium, whereas dense clusters comprised of small particles

have a definitely higher SLP than the corresponding homogeneous dispersions. This

circumstance can be exploited to produce suitable nanoparticle preparations intended

either to enhance the thermal efficiency of magnetic particles (a property sought after

in such distant application areas as magnetic hyperthermia for anti-cancer therapy and

flow assurance in oil production and transport), or to reduce the undesired heating of

tissues as in Magnetic Particle Imaging.

The particle size ensuring the best modulation ability of the SLP is D ≈ 14 nm: in

this case, the formation of clusters of proper size can either increase or decrease the SLP,

which would permit to prepare multi-purpose nanomaterials (e.g., ferrofluids) tailored

for specific applications.

In polydisperse systems, the contrasting effects of dipolar interactions in particles

of different size tend to counterbalance, therefore reducing the effect of particle

clustering on the SLP. However, narrow size distributions as the ones used in magnetic

hyperthermia still retain most of the features observed in monodisperse particle systems.

This model permits to freely modify all parameters playing a role in the process

of cyclic magnetization, so that one can easily interpret the magnetic behaviour of a

nanoparticle system and draw a comprehensive, self consistent picture of the resulting

effects with a predictive character that may escape other approaches.

In conclusion, dipole-dipole interaction among particles is particularly sensitive to

the degree of uniformity of the particle distribution in a host material or a tissue. This

property can be used in a variety of applications by creating compact clusters where the

individual particles are physically kept separated from each other, e.g., by a diamagnetic

coating. Clusters of this type are characterized by a very different magnetic behaviour

and efficiency in the release of thermal energy with respect to homogeneous dispersions.

The volume of real compact particle clusters (comprised of ∼ 103 ÷ 105 individual

particles) is much smaller than the one of a typical target in a living body (of the order

of the cubic centimeter), so that each cluster can still be safely considered to be a “point-
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like” heat source on the macroscopic scale; in the case of clustering, a non-homogeneous

distribution of heat on the nanometer scale is expected; however, heat is transferred in

a living body non only by thermal diffusion but also, and more efficiently, by convection

through the blood flow, so that a uniform temperature is expected to be quickly achieved

everywhere in the target volume even in the presence of a non-homogeneous distribution

of individual particles.

The effects studied in the present paper should be properly taken into account

in the efforts towards the optimization of all applications involving high-frequency

magnetization processes of magnetic particles.
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Abstract. Magnetic and thermal properties of clustered magnetite nanoparticles

submitted to a high-frequency magnetic field is studied by means of rate equations. A

simple model of large particle clusters (containing more than one hundred individual

particles) is introduced. Dipolar interactions among clustered particles markedly

modifiy shape and area of the hysteresis loops in a way critically dependent on particle

size and cluster dimensions, thereby modulating the power released as heat to a host

medium. For monodisperse and polydisperse systems, particle clustering can lead

to either a significant enhancement or a definite reduction of the released power; in

particular cases the same particles can produce opposite effects in dependence of the

dimensions of the clusters. Modulation by clustering of the heating ability of magnetic

nanoparticles has impact on applications requiring optimization and accurate control of

temperature in the host medium, such as magnetic hyperthermia for precision therapy

or fluid flow management, and advanced diagnostics involving magnetic tracers.

1. Introduction

The interest towards the high-frequency properties of magnetic nanoparticles has

substantially increased with the rise of applications of magnetically driven particles

as sources of heat or contrast agents. Applications include such different areas as

biomedicine [1] and oil extraction and transportation industry [2] where, despite the

diversity of subjects, basically the same language, methods, and physical parameters

are involved.

In biomedicine, the functional properties of magnetic nanoparticles play an

important role in rapidly evolving techniques for precision therapy [3] and diagnosis,

such as Magnetic Hyperthermia (MH) [4] where particles serve as point-like heat sources

around or inside internal organs of living bodies, and Magnetic Particle Imaging (MPI)

[5] where they act as magnetic tracers. In both cases, modulating in a controlled way the

heating power released by particles to the surrounding tissues is mandatory in order to
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achieve an efficient, non damaging therapeutic practice or visualization. In MH the aim

is usually to maximize the heating ability of magnetic particles whereas in MPI, where

particles serve as non-invasive, diagnostic tracers, the released power should usually be

kept as low as possible.

Magnetic hyperthermia has been introduced in the clinical practice as a precision

therapy aimed to inflict damage to malignant cells by means of the heat generated

by nanoparticles containing transition-metal atoms or ions. The nanoparticles, which

must be as biocompatible as possible [6], are submitted to a magnetic field H of high

frequency (typically in the interval 10 kHz≤ f ≤1 Mhz) and suitable amplitude [7] with

harmonic or non-harmonic time behaviour [8, 9]. Human physiology imposes limits on

the physical parameters of operation; in particular, the product Hf cannot exceed an

upper threshold in order to avoid discomfort or even nuisance to patients [10]. MH

can be exploited either as a standalone therapy [11] or in association with other curing

techniques, such as chemotherapy or radiotherapy [12]; in this case, the heat released

by magnetic nanoparticles favours a higher therapeutic efficacy and a deeper malignant

tissue penetration [13].

In MPI, the magnetic signal from nanoparticles excited by a high-frequency

harmonic field allows the users to determine their spatial distribution inside vessels

or tissues by means of a tomographic procedure [14]. Medical applications include

vascular imaging and visualization of internal organs, MPI being a promising alternative

to techniques such as positron emission tomography and single-photon computed

tomography which make use of radioactive tracers [15]. Although in some cases it

could be advantageous to associate heating to tracing, in general MPI is intended to

work as a diagnostic method with very limited or no impact on tissues or vessels. In this

case, release of heat to the environment may be an undesired by-product of nanoparticle

magnetic excitation. The short duration of a particle’s excitation is often considered

to guarantee that heating effects are negligible, although there is some controversy

about this point, as well as indications that the problem may be underestimated [16].

Diagnostic MPI requires minimizing the heat released by excited nanoparticles.

Other biomedical applications, based on the displacement of particles by effect a

magnetic field rather than on heating effects include blood detoxification by magnetic

separation [17, 18] and magnetically-assisted haemodialisis [19]. In all cases involving the

interaction of particles with living bodies, bio/haemocompatibility and biodegradability

of magnetic particles play a most important role, as pointed out for various types of

bare, coated, protein-conjugated magnetite nanoparticles [20, 21, 22, 23, 24, 25]

A radically different area of application of the heating properties of magnetically

excited nanoparticles is the treatment of fluids in oil extraction industry (e.g., water-

based/oil-based drilling fluids) and the active coating of the inner surfaces of tubing

to eliminate hindrances to steady flow of oil (dewaxing). The heat delivered by the

magnetic nanoparticles [2, 26] is exploited for flow assurance and improved production

and transport of heavy oil.

Page 27 of 50 AUTHOR SUBMITTED MANUSCRIPT - JPhysD-127144.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



Heating ability and magnetic particle clustering 3

In all these cases, an in-depth knowledge of the physical effects underlying the

production of energy by magnetic nanoparticles is mandatory. Despite the ample

literature on power generation by magnetically driven particles, this aim is still far

from being accomplished. So far, expressions for the generated power based on the

linear response theory [27] have been widely used; however, often the experimental or

theoretical conditions do not allow one to freely make use of such an approximation [28].

At the present stage of scientific development, paralleled by a process of standardization

of the techniques [28, 29, 30, 31], it is necessary to go beyond simplified theories by

exploiting a more precise description of the physical mechanisms which govern the

generation of energy by magnetic nanoparticles in order to obtain reliable predictions

impacting present-day applications.

An important step forward towards a complete understanding of the processes lead-

ing to the production of heat by magnetization rotation or reversal in nanoparticles is

based upon the recognition of the inherent complexity and non-linearity of the under-

lying physical effects which require to be studied from a physicist’s standpoint [32].

In this work, a strategy aimed to modulate the ability of magnetic nanoparticles

to release heat to an environment is proposed and discussed. We show that in the

presence of dipole-dipole interaction nanoparticle clusters either enhance or reduce the

released power with respect to a homogeneous distribution of particles, the fundamental

parameters which determine the sign of the effect being the size of the nanoparticles

and/or the dimensions of the clusters.

A simple model of compact (i.e., three-dimensional, non-dendritic) particle clusters

is proposed. The average distance of individual nanoparticles inside a cluster is smaller

than in the case of a homogeneous dispersion, so that dipole-dipole interaction among

individual particles cannot be neglected. This paper is focussed on clusters with size

of the order of some hundreds of nanometers containing from many hundreds to a few

thousands particles. Examples of this type are not uncommon in the recent literature

[33, 34, 35, 36, 37, 38, 39, 40, 41]. In this case, no direct simulation of the system by

means of computational algorithms (e.g., by solving the LLG equations [42] or by using

Monte-Carlo methods [43]) is possible, whereas this in the natural playground for an

approximate approach based on rate equations [44, 45].

The effect of dipole-dipole interaction within a cluster is studied in the rate-

equation framework by using a recent theory where the interaction is described as an

additional contribution to the energy barrier between the two easy directions for the

particle’s magnetic moment [45, 46]. Rate equations determine the time evolution of

the magnetization when the particles are excited by a high-frequency field, and allow

one to draw the magnetic hysteresis loops. The loop area is proportional to the magnetic

power released to the environment as heat.

The model predicts the changes of the hysteresis loops of clustered particles of

magnetite (Fe3O4) which take place when the cluster size is ideally changed (magnetite

nanoparticles are nowadays one of the most commonly used therapeutic agents in
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Heating ability and magnetic particle clustering 4

nanobiomedicine owing to their biocompatibility). Monodisperse particles (i.e., all

having the same size) with randomly distributed easy directions are studied first. It is

shown that densely populated clusters are able to release an amount of thermal power

markedly different from the one generated by homogeneous distributions. The same

behaviour is observed not only for monodisperse nanoparticles but also in polydisperse

systems, provided that the size distribution function is not too wide.

Therefore, the amount of released heat can be modulated, depending on one’s needs

and the specific application, by using fluid carriers or materials containing properly

clustered instead than individual magnetic nanoparticles.

2. Model

2.1. Rate equations and dipolar interaction model

Rate equations have been shown to be particularly effective in the study of the behaviour

of magnetic nanoparticles submitted to a magnetic field in the low to intermediate

radio-frequency region (f < 1 MHz) [45, 47, 48]. In the rate-equation framework, the

particles are viewed as classical two-well systems characterized by uniaxial magnetic

anisotropy with randomly distributed easy axes. A summary of the distinctive features

of this approach is found in the Supplementary Material (Section 1). The particles

are assumed not to be physically displaced or rotated by effect of the driving field, as

typically observed at high frequency and inside living bodies [49].

The dipolar interaction among nanoparticles is taken into account by adding a

term to the standard expression of the energy barrier between the two wells, therefore

approximating a multi-body problem in terms of a single-particle, mean-field theory, as

discussed elsewhere [47, 50]. For particles made of magnetite (Fe3O4) with volume V =

π/6D3, D being the particle’s diameter and magnetic moment µ = MsV (Ms=350 kA/m

[=350 emu/cm3] being the saturation magnetization at room temperature) dispersed in

a diamagnetic host, the maximum value of the additional contribution Emax
D to the

local energy barrier of each particle is‡:

Emax
D =

µ0

4π
α
µ2

d30
=
µ0

4π
αM2

s V
V

d30
=
µ0

4π
αM2

s V fV (1)

where d0 is the average interparticle distance, related to the volume fraction of

particles dispersed in the host medium by the relation fV = V/d30 [45], and α is a

numerical constant of the order of 10 deriving from the sum over the contributions of

magnetic dipoles surrounding each particle [51]. The maximum value of the dipolar

energy is attained when the dipoles are pointing towards all directions in space during

a cyclic magnetization process (i.e., when the net magnetization of the material is equal

to zero, corresponding to the coercive field on the hysteresis loop). When the dipoles

are aligned by the applied field H, the dipolar energy takes a smaller value [52]; this

‡ in SI-units; equations in cgs-units are reported in the Supplementary Material, Section 8.
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Heating ability and magnetic particle clustering 5

has been modelled by introducing an ad-hoc term in the expression of ED [45], which

finally becomes:

ED(H) =
µ0

4π
αM2

s V (1− |m0|(H)

2
)fV (2)

where the alignment parameter |m0| = |M0|/Ms is the absolute value of the reduced

magnetization of a non-interacting system of monodisperse particles with random easy

axes. This dimensionless quantity takes values between 0 and 1, being zero at the

coercive field and unity at magnetic saturation (H → ∞); when H = 0 it corresponds

to the reduced remanence of the non-interacting loop. The above expression holds for

ideally homogeneous or nearly-homogeneous nanoparticle systems.

The energy barrier EB i(H,φ) of a two-well system whose easy anisotropy axis

makes an angle φ with the magnetic field becomes therefore:

EB i(H,φ) = E 0
B i(H,φ) +

µ0

4π
αM2

s V (1− |m0|(H)

2
)fV . (3)

E 0
B i(H,φ) is the height of the barrier for a non-interacting particle (as seen from

potential well i, with i =1,2) and contains the product of the material’s magnetic

anisotropy Ku (2 × 104 J/m3[= 2 × 105 erg/cm3 ] at room temperature for magnetite)

times the volume V [46], so that the total energy barrier is directly proportional to the

particle volume. The quantity E 0
B i depends on angle φ when H 6= 0, by effect of the

coupling energy term between particle’s magnetic moment and the external field. The

modified energy barrier regulates the time of jump of individual particles from one well

to the other. The hysteretic magnetization is then obtained for each φ angle, and the

φ−dependent results are finally averaged over all angles between the anisotropy axis

and the magnetic field [44].

In homogeneous systems, the effect of dipolar interaction is complex: the additional

energy term, very sensitive to particle size and interparticle distance, turns out to either

increase or decrease the area of the hysteresis loops generated in real applications [45, 53],

therefore acting to enhance or reduce the thermal efficiency of an assembly of interacting

nanoparticles.

The actual interval where magnetite particles excited at high frequency are able

to generate a substantial amount of heat in typical operating conditions of in vivo

applications is not particularly extended, being approximately in the 13-18 nm interval

[47]. In fact, the constraints imposed by physiology require applying small fields when

high frequencies are used in order to keep the product Hf sufficiently low [10], so that

as a rule the particles are called to describe a minor hysteresis loop, i.e., one where the

maximum magnetization (i.e., the magnetization measured at |HV | ) is very far from

technical saturation.

It should be noted that in major hysteresis loops (where the maximum magnetiza-

tion is at or very close to technical saturation), the loop’s area is basically dominated

by the coercive field H
(maj)
c , which at high operating frequency monotonically increases
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Heating ability and magnetic particle clustering 6

with increasing particle size (see Supplementary Material, Section 2). On the contrary,

the area of minor high-frequency loops is substantially different from zero only when

the vertex field is of the same order of magnitude as the coercive field of the major

loop, i.e., H
(maj)
c ' HV [45]. There is a limited interval of particle sizes where this

condition is fulfilled; for values of D outside this interval, the loops are very narrow and

the associated area very small. The point is made clear in the Supplementary Material.

In a polydisperse system characterized by a distribution function of particle sizes

p(D) and a random distribution in space of particles having different sizes, with average

interparticle distance d0, Equation (3) is substituted by [45]:

EB i(H,φ) = E 0
B i(H,φ) +

µ0

4π
αM2

s

V 2

V
(1− |m0|(H)

2
fV , (4)

where V =

∫
V p(D)dD, V 2 =

∫
V 2p(D)dD, and use has been done of the relation

fV = V /d0
3
. The dipolar energy is still given by Equation (1) where µ2 → µ2 = M2

s V
2 .

Here |m0| is the absolute value of the average reduced magnetization of size-distributed,

non-interacting particles. The resulting hysteresis loops are first averaged over φ and

finally summed up using p(D) as weight function.

As a final remark, the rate equation approach cannot be indiscriminately exploited

to describe the behaviour of magnetic nanoparticles of arbitrary size [8]. In principle,

rate equations approximate the Fokker-Planck equation for the double-well problem

when the ratio EB i/kBT is larger than unity [54]; however, they were shown to be still

useful when EB i/kBT ' 0.92 or just below [54]. As a consequence, at each temperature

there is a lower limit to the diameter of nanoparticles which can be analysed by the rate

equation method. Taking EB i = E0
B i = KuV , the limit is expressed by the condition

D & (5.52 kBT/πKu)
1/3. In the present case, around room temperature the lower limit

turns out to be D ' 7.5 nm, so that the diameter D of the studied particles is equal to

or larger than 8 nm.

2.2. Modeling nanoparticle clusters

We study the effect of inhomogeneities in the space distribution of magnetic particles on

the hysteresis loops and the resulting heating efficiency, without however investigating

the microscopic causes leading to the development of inhomogeneities (which can be

of electrical, magnetic, chemical nature). Inside a cluster the magnetic particles are

assumed to be still isolated, i.e. not in physical contact (in order to exclude magnetic

contact interaction such as the exchange interaction); however, the interparticle distance

d is much shorter than the one existing in a homogeneous system with the same volume

fraction, so that the dipole-dipole energy, proportional to d−3, is much stronger. On the

other hand, clusters are assumed to be well separated from each other, so that dipolar

interactions between any two of them can be neglected as a first approximation.
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Heating ability and magnetic particle clustering 7

Figure 1. Two-dimensional sketch of idealized particle clustering. Each dot of

the array represents a magnetite nanoparticle of diameter D. Left panel: uniform

distribution of particles with mean distance d0. Centre and right panels: two different

stages of the formation of clusters of side L. The second row shows for all cases an

enlargement of the region outlined in blue in the first row. The behaviour of the density

of particles is schematically shown in the third row.

We consider monodisperse particles first. The development of clusters from an ini-

tially homogeneous distribution of particles is figured out as follows (see Figure 1, where

for simplicity the two-dimensional case is depicted):

- homogeneously dispersed particles of diameter D are first placed on a simple cubic

lattice whose nearest-neighbour distance is d0 = (V/fV )1/3 (upper left panel of Figure

1; the intermediate left panel shows an enlarged view of the immediate surroundings of

any particle);

- the length L0 = Nd0 is introduced, with N >>1 (two cases [N = 10 and N = 20]

will be considered in the following); the system of nanoparticles can therefore be viewed

as an assembly of juxtaposed, identical cubes of side L0; the length L0 is linked to the

number of particles in a cluster, N (cl) = (N + 1)3 ' L3
0 fV /V ;

- the size of each cube is then uniformly reduced along three dimensions by keeping the

initial distance between centres (L0); the side length becomes L < L0 (centre panels of

Figure 1); within a cluster the interparticle distance is now d < d0, with d = L/N ;
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Heating ability and magnetic particle clustering 8

- during the process the center-to center distance between adjacent clusters remains

fixed at L0;

- the process is carried on until a minimum interparticle distance is attained (right

panels of Figure 1);

- the cubic clusters are assumed to be separated by a face-to-face distance L0 − L such

that they can be considered as non-interacting. This means that the actual arrangement

of the clusters within the material is unimportant, i.e., the model’s results do not depend

on the more or less regular separation between clusters;

- the average density of particles in the host material (parameterized by the volume

fraction fV ) is always the same and equal to V/d30; however, within a cluster the

local density becomes f
(cl)
V = V/d3 while outside it drops to zero, each cluster being

surrounded by a region of material where there are no particles; this is schematically

shown (in one dimension) in the bottom line of Figure 1.

We explicitly acknowledge that this highly idealized mechanism of particle

clustering is not a description of the actual processes of cluster formation in real

materials, which are usually driven by physical or chemical mechanisms including

interaction with hydrophobic blocks of copolymers [33, 41] or microgels [34, 38],

alternating magnetic field assisted co-precipitation [35], solvothermal reactions [36] and

surfactant-assisted synthesis [37]. However, our model has the advantage of providing

a simple way to understand how and how much does dipolar interaction affect the

magnetic behaviour of clusters of different size. Using a different spatial arrangement of

nanoparticles does not to entail substantial differences with respect to this model (see

Supplementary Material, Section 3).

These cubic particle clusters contain (N + 1)3 particles whose distance is lower

than d0 and are separated by extended regions of non-magnetic material. The model

can be applied to describe the magnetic properties of arrays of dense, isotropic clusters

of particles, often observed in the literature [33, 34, 35, 36, 37, 38, 39, 40, 41], whilst

cannot be directly applied to describe irregular or fractal clusters [55] or linear chains

[56].

Both an upper and a lower limit to cluster size can be defined. The lower limit of

L derives from the requirement that the dipolar energy should not exceed a maximum

threshold in order to apply the mean-field approach of Equations 1 and 2. In particular,

the maximum dipolar energy defined in Equation 1 must not be much larger than the

barrier arising from the particle’s magnetic anisotropy [57], which is equal to KuV when

H = 0. Requiring that Emax
D . 2KuV implies that the condition µ0

4π
αM2

s fV . 2Ku

must be satisfied; this results in the following condition on the interparticle distance d:

d & dmin =

(
µ0 αM

2
s

48Ku

)1/3

D (5)

With the parameter values used in this work, the condition becomes d & 1.17D. As

a consequence, we require that d not to be less than dmin = 1.2D, so that L ≥ 1.2ND.

The upper limit of L derives instead from the requirement that the clusters must
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Heating ability and magnetic particle clustering 9

be separated from each other so that the dipolar interaction between any two of them

is negligible. The existence of an effective cutoff length for dipole-dipole interactions

among magnetic nanoparticles has been inferred by theoretical considerations [45] and

substantiated by measurements [58, 59]. In particular, the cutoff length λ is of the order

of 4D at f =100 kHz, i.e., at the magnetizing frequency used in this work [45]. In other

words, magnetic particles separated by a distance equivalent to four diameters or more

can be assumed as non-interacting. An explicit proof can be found in the Supplementary

Material, Section 4. It is therefore required that two neighbouring cubes of size L are

placed at a face-to-face distance such that L0−L > 4D, which can be transformed into

the condition d < dmax = d0 − 4D/N .

In the following, the model will therefore be applied by requiring that the

interparticle distance within a cluster d varies in the range 1.2D ≤ d ≤ (d0 − 4D/N).

2.3. Dipole-dipole interaction in a cluster

Within a cluster, the dipole-dipole interaction is generally enhanced by the reduction

of the interparticle distance. However, a distinction has to be made between core and

surface effects. In fact, particles present, e.g., on the cube’s face experience a reduced

dipolar interaction because of the lack of translational symmetry. An example is shown

in Figure 2, where the left panel refers to a particle in the cluster’s core and the right

panel to a particle on any of the cube’s faces. In both cases, the reference particle (in red)

is surrounded by magnetic dipoles placed on the 1st, 2nd, 3rd ... neighbour lattice sites

and concurring to determine the value of the dipole-dipole energy on it. For simplicity

of representation, only the first three neighbours are highlighted in different colours.

The actual counting of active neighbours takes into account the requirement that their

distance from the centre has to be smaller than λ = 4D, as previously discussed; it

should be noted that the actual number of dipoles giving a nonzero contribution to

the dipolar energy increases with reducing the cluster size, i.e., the inner interparticle

distance d.

The dipole-dipole energy of a core particle (panel a) and of a particle placed either on

a face (as in panel b), or an edge or a vertex of the cube is assumed to be determined

by the number of active neighbours, which is different in each case (core, face, edge,

vertex). The assumption can be justified by recalling that the parameter α appearing in

Equation 1 actually contains a summation over all active neighbours [51] of the reference

particle.

Therefore, if the number of active neighbours for a particle placed on a cube’s face

is nf and the one for a core particle is nc, with nf < nc, the dipolar energy on the former

particle is assumed to be simply reduced by a factor nf/nc with respect to the one of a

core particle. It should be noted that a decrease in the number of active neighbours is

observed not only for the particles on the outer layer of the cube, but also for the ones

present on the second layer from outside.

As a consequence, the energy barriers are different for two-level systems in the core
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Heating ability and magnetic particle clustering 10

Figure 2. First, second, third neighbours (spheres in yellow, green, violet) of a

reference particle (in red) placed either in the cluster’s core (panel a) or on one of

the cube’s faces (panel b). The overall number of active neighbours on the face is

always smaller than the one in the core.

and at the cluster’s surface (this term grouping all layers interested by any reduction of

the number of active neighbours), so that the kinetics of redistribution of the population

between the two energy wells is different from core to surface. The overall cluster’s

contribution is therefore obtained by doing the weighted sum of the results obtained for

all types of surface and core particles, the weights being given by the ratios between the

number of particles of each type divided by the total number of particles in the cluster:

as an example, when the surface is comprised of the first two outer layers of a cube of

size L = Nd made of (N + 1)3 particles there are (N − 3)3 particles in the core and 8

particles on the outer vertexes, so that the weight of the contribution from core particles

is (N − 3)3/(N + 1)3, whilst the one from the outer vertex particles is 8/(N + 1)3, and

so on for all particles belonging in the two outer layers.

3. Results and Discussion

Room-temperature magnetic hysteresis loops of particle clusters are computed by

numerically solving the rate equations [44] under a harmonic magnetic-field waveform

of frequency f = 100 kHz with vertex field HV = 7.958 kA/m (=100 Oe). It should be

stressed that the considered loops are minor loops. In actual applications of magnetic

particles for hyperthermia in living bodies it is strictly required that the vertex field be

kept as low as possible, so that minor hysteresis loops are typically generated [60].

The volume fraction of magnetite nanoparticles dispersed in the host medium is
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Heating ability and magnetic particle clustering 11

fV = 0.01, a value corresponding to a rather small amount of magnetically active

material when particles are homogeneously dispersed; notice that this value remains

the same on the average even in the presence of clustering, although within a cluster

the local volume fraction is much higher. All parameter values closely correspond to the

ones typically found in in vitro and in-vivo applications of magnetic hyperthermia [10].

3.1. Clusters of monodisperse particles

Examples of the effect of particle clustering on the shape of the high-frequency hysteresis

loops with vertex field HV = 7.958 kA/m (100 Oe) are shown in Figure 3 for

monodisperse magnetite particles of three different diameters (note that the dipolar

energy term ED increases with increasing D as µ2 ∼ D6). The cluster size is equal to

N = 10 interparticle distances, so that each cluster contains (N + 1)3 ' 1.33 × 103

particles.

Figure 3 shows that particle clustering strongly modifies the hysteresis loop’s area

AL and consequently the heating efficiency of the nanoparticle assembly. In magnetic

hyperthermia, a typical figure of merit is the Specific Loss Power (or SLP) defined as

the power released by the nanoparticles divided by their total mass [10]. The Specific

Loss Power (WSLP ) is directly proportional to the loop’s area AL measured at a given

frequency f according to the relation WSLP = fVALf/ρFe3O4 [10] where ρFe3O4 ' 5240

Kg/m3 is the mass density of magnetite.

The behaviour of the loops of Figure 3 is explained taking into account the com-

plex effects of dipolar interaction on the width of hysteresis loops, which were clarified

elsewhere [45]. In brief, the widest hysteresis loop is expected - for a given frequency

f and vertex field HV - when the typical time of jump across the energy barrier (τ) is

roughly equal to the driving field period 1/f . At constant temperature, the value of τ

is determined by the particle diameter, D, and by the strength of dipolar interaction

(which monotonically increases with decreasing cluster size L), so that a very wide hys-

teresis loop emerges for one (and only one) pair of values of D and L, which makes the

height of the energy barrier such that the condition τ ' 1/f is fulfilled. The three cases

shown in Figure 3 are discussed in more detail in the following paragraphs.

WhenD = 10 nm, the interparticle distance for the homogeneous particle dispersion

is d0 = (V/fV )1/3 ' 37.4 nm. At the operating frequency, the hysteresis loops are

observed to be extremely narrow for both the homogeneous dispersion and all cluster

sizes; in fact, for large interparticle distances the magnetization is nearly anhysteretic

(left panel, red and green line); the dipolar interaction, which increases with decreasing

L as ED ∼ d−3 ∼ L−3, is always very small and begins to play a barely discernible role

for the smallest studied cluster size only (L ' Ndmin ' 1.2ND), resulting in a narrow

closed loop (black line). In this case, the condition τ ' 1/f is never fulfilled in the

range of validity of the model.

When D = 13 nm, d0 = (V/fV )1/3 ' 48.6 nm. In this case, the SLP is initially strongly
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Heating ability and magnetic particle clustering 12

enhanced by particle clustering (compare green and red lines in centre panel): dipolar

interaction, strengthened by the reduction of the interparticle distance, increases both

the coercive field and the magnetic remanence of the loops, making them much wider

than the ones found in the homogeneous dispersion or in very large clusters. However,

further reducing the cluster size (and the associated interparticle distance) a sharp

reduction of WSLP (black line) is observed. Therefore, a maximum of the SLP exists for

an intermediate cluster size, where the condition τ ' 1/f is fulfilled.

Figure 3. Minor hysteresis loops of magnetite particle clusters computed at f = 100

kHz for three values of the cluster size L. Left: particle diameter D = 10 nm; center:

D = 13 nm; right: D = 16 nm. Vertex field HV = 7.958 kA/m (100 Oe) in all cases.

When D = 16 nm, the homogeneous interparticle distance is d0 ' 59.9 nm. In the

homogeneous sample the SLP is large and monotonically decreases with decreasing clus-

ter size. In this case, the condition τ ' 1/f is fulfilled for the homogeneous system only.

Therefore, particle size plays an importantl role on the effects on WSLP arising

from clustering. An example of the complete behaviour of the SLP as a function of

cluster size over the entire interval of validity of the model is reported in the left panel

of Figure 4 for D = 13 nm and for clusters characterized by N = 10 and 20 (black/red

symbols, respectively). The SLP values of homogeneously dispersed and non-interacting

particles are also shown (dark green symbol at right bottom, and dashed horizontal line,

respectively). For the considered value of fV the effect of dipolar interactions in the ho-

mogeneous dispersion is small and produces a modest increase in the heating efficiency

with respect to the non-interacting case; however, when particle clusters begin to be

formed, the heating efficiency is enhanced, reaching a value almost seven times higher

than in the homogeneous system. Finally, when the cluster size becomes so small that

d approaches dmin, WSLP begins to decrease by effect of the increase in dipolar energy

which takes place at small interparticle distance. Figure 4 indicates that the parameter

most affecting the WSLP (L) curve for particles of diameter D is the interparticle dis-
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Heating ability and magnetic particle clustering 13

tance in a cluster, d, rather than cluster size. However, a lesser role is also played by

the number of particles comprised in a cluster, because of the edge effects related to the

smaller dipolar interaction existing at the cluster’s surfaces. Edge effects play a greater

role for small N and are responsible for the difference between the two curves shown in

the left panel of Figure 4; the behaviour of additional WSLP curves for 10 ≤ N ≤ 100

is reported in the Supplementary Material, Section 5. The distinctive features of the

WSLP curves (e.g., maximum value of WSLP , position of the maximum, width of the

peak) are markedly influenced by the particle diameter, as also shown in the Supple-

mentary Material. This is related to the fact that a change of D modifies the dipolar

energy contribution as D2 for any value of the interparticle distance d.

Figure 4. Left panel: behaviour of the specific loss power WSLP as a function of the

cluster size for two different clusters of 13-nm magnetite nanoparticles with (N = 10

and N = 20). Shown at bottom right is the value for the homogeneous distribution The

temperature increments shown on the right vertical axis have been estimated using a

simple model of heating (see Section 3.4) . Right panel: effect of particle clustering on

WSLP as a function of the reduced cluster size L/L0 for different particle diameters

(the points at L/L0 = 1 are the WSLP values of the homogeneous distributions; the

dotted lines are guides for the eye).

The right panel of Figure 4 shows the role of particle size on the variation of

the SLP by effect of particle clustering (with N = 10). In order to compare datasets

arising from different values of D the reduced cluster size L/L0 is used (remember that

L0 = Nd0 = N(V/fV )1/3). The points at L/L0=1 correspond to the values obtained

for homogeneously dispersed particles. It should be remarked that for D . 10 nm the

magnetization curves are basically anhysteretic not only for the homogeneous dispersion

but also for all explored cluster sizes, so that the WSLP is basically zero throughout.
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Heating ability and magnetic particle clustering 14

For the considered L/L0 values, corresponding to the region where the model can

be applied, WSLP steadily decreases with decreasing cluster size when D ≥ 16 nm.

In the interval 12 ≤ D ≤ 15 nm the SLP first increases with decreasing L/L0 and is

reduced when the reduced cluster size becomes small. When D < 12 nm, WSLP steadily

increases with decreasing cluster size. Such a behaviour is clearly related to dipole-dipole

interaction, as discussed in Section 2.1. Generally speaking, particle clustering results

in an enhanced thermal efficiency of small particles packed in dense clusters, whilst the

opposite is true for large particles. The change takes place gradually with increasing D.

3.2. Cluster size maximizing the SLP

The effects described in the previous Section can be quantitatively described taking

into account the ratio between the Néel relaxation time, i.e., the mean time between

two flips of the magnetization across the barrier, to the driving field’s period. The

behaviour of WSLP with the volume fraction of homogeneously dispersed particles was

discussed elsewhere [45]. There, taking into account the relation between fV and

the interparticle distance d, it was shown that the curve WSLP (fV ) displays a single

maximum corresponding to an interparticle distance such that the typical relaxation

time τ is of the order of the period of the driving field, 1/f .

In the present case, although the overall volume fraction is always the same, the

interparticle distance d depends on the size of the clusters. The value of d

corresponding to the maximum of WSLP is found by imposing the standard condition

τ = τ0 exp
[
EB(d)
kBT

]
' 1/f [47] where τ0 ∼ 10−9 s is the reciprocal of the attempt

frequency and EB is the height of the energy barrier at H = 0, which is a function of fV
and therefore of d through the dipolar energy term (see Equation 3). The cluster size

L(Max) where WSLP takes the maximum value turns out to be:

L(Max) = Nd(Max) =
N

2

{
αM2

s π

18
[
kBT ln(1/τ0f)− (π/6)KuD3

]}1/3

D2. (6)

This equation is valid only for values of D such that the denominator of the

expression in braces is positive. When the denominator goes to zero, the optimal

interparticle distance d(Max) diverges, which in the model’s language means that WSLP

would be largest for an infinitely dilute, non-interacting system (the dipolar interaction

disappears in the limit of an infinite interparticle distance).

The behaviour of L(Max) as a function of particle diameter D is shown in the left panel of

Figure 5. The two shaded regions indicate the zones where Equation 6 cannot be applied.

In fact, the lower region is bounded by the L = Ndmin ' 1.2ND line (see Equation 5)

whereas the upper region is bounded by the L = L0 ≡ Nd0 line, corresponding to the

homogeneous dispersion of particles.

In Figure 5, the red curve merges with the L = 1.2ND line for D . 11 nm: in this

case, d(Max) = dmin, because the real absolute maximum of the WSLP (L) curve would
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Heating ability and magnetic particle clustering 15

occur at a distance d < 1.2D, where the model is no longer applicable. In this interval

of particle sizes, the WSLP (L) curve monotonically increases with decreasing L.

On the other hand, the red curve merges with the L = L0 line for D & 15 nm: for

large particle sizes the SLP is largest for the homogeneous dispersion, and clustering

reduces the heating ability of nanoparticles. Only in the interval 11 . D . 15 nm there

exists an intermediate distance d(Max) and an associated cluster size L(Max) = Nd(max)

where the WSLP (L) curve displays an absolute maximum.

Figure 5. Left: Optimal cluster size L(Max) corresponding to the maximum SLP

as a function of particle size D, according to Equation 6 (red line). Patterned areas:

regions where the analytic expression cannot be applied (see text). Right: comparison

between the values of the ratio L(Max)/L0 ≡ d(Max)/d0 predicted by Equation 7 and

observed in the computed WSLP (L) curves.

The ability of Equation 6 to actually predict the position of the maximum SLP can

be checked by dividing the expression for L(Max) by L0 = Nd0 = N(π/6fV )1/3D:

L(Max)

L0

=
d(Max)

d0
=

1

2

{
αM2

s fV

3
[
kBT ln(1/τ0f)− (π/6)KuD3

]}1/3

D. (7)

The behaviour of L(Max)/L0 = d(Max)/d0 with diameter D is shown on the right

panel of Figure 5 (black dashed line) and the actual maxima of the WSLP curves sim-

ulated in the same interval of D values (including the ones shown in the right panel of

Figure 5) are plotted as red circles. The agreement between the analytic expression and

the results of numerical computation is very good, indicating that the application of the
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Heating ability and magnetic particle clustering 16

model gives self-consistent results.

3.3. Particle size and maximum possible enhancement/reduction of the SLP

The effect of particle size on the maximum possible enhancement of the SLP by particle

clustering is depicted in Figure 6 (black open symbols in the left panel). By ”maximum

possible enhancement” it is meant here that there exist one size of the clusters, L(Max),

for which the SLP takes the highest possible value W
(Max)
SLP for a given particle size.

As previously discussed, an absolute maximum of the WSLP (L) curve is found for

particle sizes larger than D = 11 nm only; therefore, this region is shown in Figure

6. The red circles represent the WSLP values obtained for homogeneously dispersed

particles. When D is decreased from D = 18 nm to 11 nm, W
(Hom)
SLP increases, reaches

a maximum for D close to 15 nm, then decreases and becomes rapidly negligible. Such

a behaviour has been explained in detail elsewhere [45] and was briefly discussed in

Section 3.1. A sharp maximum of W
(Hom)
SLP is found when the hysteresis loop is very

wide; in turn, the loop is widest when the typical time of jump across the energy barrier

(τ) becomes roughly equal to the driving field period 1/f (the condition is verified, for

a homogeneous system, when D ' 15 nm).

On the contrary, the open symbols represent the W
(Max)
SLP values predicted in clustered

systems. It is observed that for D & 15 nm the two datasets are perfectly coincident:

this means that particle clustering does not give a better SLP than the one of the

homogeneous dispersion (actually, clustering decreases the SLP in this region). Below

15 nm, however, the values of W
(Max)
SLP , although decreasing with decreasing D, remain

significanty higher than the ones of W
(Hom)
SLP . This means that in this region the

formation of clusters of suitable size permits to effectively enhance the heating ability

of nanoparticles.

No exact analytic expression of W
(Max)
SLP can be derived from the rate equations;

however, its functional dependence on particle size D can be determined by exploiting

the condition τ ' 1/f , as discussed in the Supplementary Material, Section 6. In

particular, in the interval of validity of Eq.6 the functional dependence of the maximum

SLP on D turns out to be of the type:

W
(Max)
SLP (D) =

a

1 + exp(−βD3)
− c (8)

Meaning and values of the constants a, β, c ' a/2 are discussed in the Supplemen-

tary Material. The values of W
(Max)
SLP obtained from the numerical solution of the rate

equations are well fitted by Eq. 8 (dashed blue line in Figure 6) with the following

parameter values: a = 191.90 W/g, β = 2.55 ×1017 cm−3, c = 102.38 W/g. It should be

noted that while the calculation done in the Supplementary Material does not permit to

obtain the values of constants a and c which are adjustable parameters derived from the

fit, the quantity β, instrumental in determining the functional dependence of W
(max)
SLP on
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Heating ability and magnetic particle clustering 17

Figure 6. Left panel: red circles: SLP as a function of particle size in the interval 11

≤ D ≤ 16 nm for homogeneously distributed particles; black open circles: maximum

possible SLP for clustered particles in the same range; dashed blue line: fit to Eq.

8; green open circles: minimum possible SLP for clustered particles. Right panel:

tunability of the SLP as a function of particle diameter D; ∆WSLP is the difference

between the SLP of clustered and homogeneously distributed particles.

D, is accurately predicted by the calculation.

On the other hand, in view of diagnostic applications such as MPI, it may be

interesting to study under which conditions the more effective reduction of the SLP

on clustering is to be expected. The results are also shown in the left panel of Figure

6 (green open symbols). For low particle sizes (D ≤ 12.5 nm) the minimum possible

value of the SLP (W
(Min)
SLP ) corresponds to the homogeneous dispersion of particles; for

higher D values particle clustering brings about a substantial reduction of the SLP with

respect to the homogeneous case, so that W
(Min)
SLP becomes very close to zero.

A suitable graphical representation of the SLP modulation by effect of particle clus-

tering is shown in the right panel of Figure 6. The quantity ∆WSLP = WSLP −W (Hom)
SLP

measures the positive and/or negative variation of the SLP produced by clustered parti-

cles with respect to the homogeneous case, which is taken as a baseline. The parameter

∆WSLP helps clarify the different behaviour of particles in dependence of their size:

small particles (D ≤ 12.5 nm) can only increase their SLP on clustering, whereas clus-

ter formation can only reduce the SLP of large particles (D & 15 nm). For intermediate

values of D (in the present case, around 14 nm) clustering of particles may either en-
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Heating ability and magnetic particle clustering 18

hance or reduce the SLP with respect to the homogeneous case, depending on the size of

clusters. From this viewpoint, this is the particle size which ensures the best tunability

of the SLP.

The model’s features can be discussed along with the ones of recent approaches to

the properties of compact particle clusters, based either on numerical solutions of the

LLG equation [42, 61, 62, 63] or Monte-Carlo simulations [43, 64, 65, 66].

In some simulations the effects of interactions inside the clusters are not considered

in detail [67, 68]. In other papers, a strictly linear approach is adopted to describe

magnetization processes leading to the production of energy by clustered particles

[68, 69, 70]). In all cases the simulations are necessarily aimed to describe very small

clusters, the number of individual particles per cluster never exceeding one hundred,

and often being significantly lesser. In principle, the present method poses no limits to

the size of clusters, takes into account the interactions inside clusters in an effective way,

and is able to provide reliable results even in the operating conditions of therapeutic

hyperthermia where the linear model is no longer applicable, resulting in an imprecise

temperature estimate [47].

Some recent numerical results appear to be either not entirely explained (e.g.,

the maximum of the SLP for a specific interparticle distance in a cluster [61]) or

contradictory (e.g., the contrasting conclusions that SLP is not affected by particle

clustering [64, 63] and that in isotropic clusters it is lower than in individual particles

[42, 43], whereas some measurements do show an increase of SLP on clustering [33, 41]).

These issues can be coherently explained by the present approach, which is based on

an accurate representation of particle magnetization and is remarkably flexible, in the

sense that the relevant physical parameters can be modulated more freely than in strictly

numerical methods.

3.4. Particle clustering and temperature increment

The temperature increment measured during the heating process of a diamagnetic host

medium is modified by nanoparticle clustering as a consequence of the effects on the SLP

we have just described. Specific features of magnetic hyperthermia achieved using either

non-interacting or interacting particles have been discussed in detail elsewhere [45, 47].

Here, an approximate estimate of the temperature achieved by a sample containing

a fraction fV = 0.01 of magnetite nanoparticles, either evenly dispersed or forming

clusters, is done using the simple approach outlined in the Supplementary Material,

Section 7, where the time- and space-dependent temperature increment resulting by

excitation of clustered particles is discussed. A typical result is reported on the right

vertical axis of Figure 4, left panel. It can be concluded that particle clustering can

significantly improve the target temperature with respect to the homogeneous case.

Looking for the most convenient use of clusters of particles, a simple rule of thumb

is given here: if magnetite particles larger than 14-15 nm are being considered for
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Heating ability and magnetic particle clustering 19

practical application requiring a high SLP, the best strategy is to have a homogeneous

dispersion in, or around, the target tissue; conversely, if the particles are in the 11-14 size

range, particle clustering offers a definitely advantageous way to increase the heating

performance without the need of using a large amount of inoculated metal ions.

As a matter of fact, many different sizes of iron oxide nanoparticles have been

considered for practical, i.e., in-vivo applications of magnetic hyperthermia [7]. On the

basis of physiology considerations, particle diameters between 12 and 50 nm have been

indicated as ideal for application in biomedicine, the lower limit being dictated by the

requirement that the particles should be large enough so that they do not cross the pores

of a blood vessel wall, which are typically smaller than 12 nm [71]. The upper limit

is instead defined with reference to the ease of transport in the blood circulation [71].

Let us stress, however, that magnetite particles larger than 18-20 nm (depending on the

parameter values) are basically ineffective as heaters of a living tissue when submitted

to a radio-frequency magnetic field whose amplitude is sufficiently small to be tolerated

by patients [10].

Magnetic fluid hyperthermia has been demonstrated and used in actual clinical

trials using 12-13 nm magnetite nanoparticles with a bio-compatible coating

(NanoTherm (R), [72]). However, in this case the solution is usually inoculated at

a high concentration of 112 mg/mL of iron [72], corresponding to a magnetite particle

volume fraction fV ' 0.03, because a large local amount of magnetite is needed to

achieve thermal tissue ablation. When small particles are to be used, particle clusters of

suitable size can provide a superior heating efficiency, allowing one to significantly reduce

the amount of particle concentration in the magnetic fluid and avoid the detrimental

consequences of the inoculation of a high volume fraction of nanoparticles in a living

body.

On the other hand, use of magnetite nanoparticles in MPI of both healthy and

diseased tissues [5] may imply applying frequencies and amplitudes of the magnetic

field such that local heating of the tissue - which is an undesired by-product of the

technique in this case - cannot be disregarded [16]. In the light of the present analysis,

such a by-product could be avoided by dispersing compact clusters of large (D > 15

nm) particles in the tissue, instead of using single particles. In this case the magnetic

interactions within clusters located at the field-free point (or line) of the MPI scanner [5]

will substantially reduce the hysteresis loops’ area keeping the released heat low, while

the signal generated by the switching cluster magnetization and exploited to produce

the tomographic image is expected to remain easily detectable by a typical MPI setup.

3.5. Clusters of polydisperse particles

Particle clustering has been shown to significantly change the SLP of monodisperse

nanoparticles. However, the effect of clustering is so dependent on particle diameter

that one can ask whether in polydisperse systems a modulation of thermal efficiency

is still possible. Only the case of SLP enhancement is considered here. We have
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explored the variation of WSLP for clustering particles distributed in size according

to a gaussian distribution function p(D) (some examples are shown in the right panel of

Figure 7). Particles of different diameter are assumed to randomly occupy the sites on

the simple cubic lattice representing the homogeneous particle distribution. The average

interparticle distance is now d0 = V /fV where V is the average particle volume. The

energy barrier of each particle is modified by the expression of ED given in Equation 4.

Figure 7. Panel a): effect of a narrow Gaussian distribution of magnetite particle sizes

around three values of D on the behaviour of the SLP with the size of clusters (for

N = 10); the dashed lines apply to the corresponding monodisperse systems. Panel

b): smoothing effect of an increasing standard deviation of the Gaussian distribution

centred at D = 14.5 nm. The Gaussian functions used in panels a) and b) are shown

in the rightmost panel.

The results are reported in Figure 7. The effect of a narrow gaussian distribution

with standard deviation σ = 0.315 nm centred at three different values of D is shown

in panel a along with the curves obtained in the corresponding monodisperse particles

(dashed lines). Therefore, a narrow p(D) function preserves the main features of the

enhancement of the WSLP parameter induced by particle clustering. It should be noted

that the present value of σ corresponds to a range of particle sizes in the 13.5 -15.5

nm interval (see green curve in the right panel), i.e., a range of about 2 nm which is

compatible with the requirements for hyperthermia-based therapy [7, 72], where however

the conceptual aim is to deal with an even narrower dispersion of particle sizes. An

example of the smoothing effect observed by increasing the standard deviation of p(D)

is shown in panel b of Figure 7, where the WSLP (d) curves corresponding to the delta

function and to three gaussian distributions, all peaked at D = 14.5 nm, are reported.

The colours correspond to the σ values reported in the centre panel. Of course, the

larger σ, the smoother and featureless is the WSLP (d) curve. Generally speaking,

beneficial effects of particle clustering on thermal efficiency clearly emerge when the

particle distribution function is sufficiently narrow.
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4. Conclusion

The formation of dense clusters of magnetite nanoparticles significantly modifies their

heating efficiency with respect to the homogeneous dispersion. The effect is dominated

by dipole-dipole interaction which can become particularly strong inside a cluster

because of the lower mean interparticle distance. This results in an increase of the

energy barrier which has to be overcome by the magnetization of a particle.

A simple idealized model of magnetic clusters has been developed. The effect of

intra-cluster dipolar interactions on the shape of minor hysteresis loops turns out to be

critically dependent on particle size. As a consequence, clustering of small magnetite

nanoparticles (D . 14 nm) leads to a significant enhancement of the specific loss

power, and clustering of large particles (D & 15 nm) reduces their ability to heat. In

other words, large particles are more efficient as heaters when they are homogeneously

distributed in a host medium, whereas dense clusters comprised of small particles

have a definitely higher SLP than the corresponding homogeneous dispersions. This

circumstance can be exploited to produce suitable nanoparticle preparations intended

either to enhance the thermal efficiency of magnetic particles (a property sought after

in such distant application areas as magnetic hyperthermia for anti-cancer therapy and

flow assurance in oil production and transport), or to reduce the undesired heating of

tissues as in Magnetic Particle Imaging.

The particle size ensuring the best modulation ability of the SLP is D ≈ 14 nm: in

this case, the formation of clusters of proper size can either increase or decrease the SLP,

which would permit to prepare multi-purpose nanomaterials (e.g., ferrofluids) tailored

for specific applications.

In polydisperse systems, the contrasting effects of dipolar interactions in particles

of different size tend to counterbalance, therefore reducing the effect of particle

clustering on the SLP. However, narrow size distributions as the ones used in magnetic

hyperthermia still retain most of the features observed in monodisperse particle systems.

This model permits to freely modify all parameters playing a role in the process

of cyclic magnetization, so that one can easily interpret the magnetic behaviour of a

nanoparticle system and draw a comprehensive, self consistent picture of the resulting

effects with a predictive character that may escape other approaches.

In conclusion, dipole-dipole interaction among particles is particularly sensitive to

the degree of uniformity of the particle distribution in a host material or a tissue. This

property can be used in a variety of applications by creating compact clusters where the

individual particles are physically kept separated from each other, e.g., by a diamagnetic

coating. Clusters of this type are characterized by a very different magnetic behaviour

and efficiency in the release of thermal energy with respect to homogeneous dispersions.

The volume of real compact particle clusters (comprised of ∼ 103 ÷ 105 individual

particles) is much smaller than the one of a typical target in a living body (of the order

of the cubic centimeter), so that each cluster can still be safely considered to be a “point-
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like” heat source on the macroscopic scale; in the case of clustering, a non-homogeneous

distribution of heat on the nanometer scale is expected; however, heat is transferred in

a living body non only by thermal diffusion but also, and more efficiently, by convection

through the blood flow, so that a uniform temperature is expected to be quickly achieved

everywhere in the target volume even in the presence of a non-homogeneous distribution

of individual particles.

The effects studied in the present paper should be properly taken into account

in the efforts towards the optimization of all applications involving high-frequency

magnetization processes of magnetic particles.
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[23] Rodrigues R O, Bañobre-López M, Juan Gallo J, Tavares P B, Silva A M T, Lima R and Gomes H

T 2016 Haemocompatibility of iron oxide nanoparticles synthesized for theranostic applications:

a high-sensitivity microfluidic tool J. Nanopart. Res. 18 194

[24] Nosrati H, Salehiabar M, Fridoni M, Abdollahifar M A, Manjili H K, Davaran S and Danafar H 2019

New Insight about Biocompatibility and Biodegradability of Iron Oxide Magnetic Nanoparticles:

Stereological and In Vivo MRI Monitor Sci. Reports 9 7173

[25] Karageorgou M A, Bouziotis P, Vranjes̆-Djurić S and Stamopoulos D 2020 Hemocompatibility of
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