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Atoms coupled to cavities provide an exciting playground for the study of fundamental interactions of atoms
mediated through a common channel. Many of the applications of cavity QED and cold-atom experiments more
broadly, suffer from limitations caused by the transient nature of an atomic loading cycle. The development of
continuous operation schemes is necessary to push these systems to the next level of performance. Here we
present a machine designed to produce a continuous flux of collimated atoms that traverse an optical cavity.
The atom-light interaction is enhanced by a fast-decaying cavity optimal for studying phenomena where atomic
properties dominate. We demonstrate the transition to a collective strong-coupling regime heralded by a normal-
mode splitting. We observe a second phase with a binary normal-mode splitting born from an offset in the
mean velocity of the atoms. Inverting the atomic ensemble in the collective strong-coupling regime, we measure
continuous optical gain. This work sets the stage for studying threshold conditions for continuous collective
phenomena, such as continuous superradiant lasing.

DOI: 10.1103/PhysRevA.110.063721

I. INTRODUCTION

Developing techniques to realize the continuous operation
of quantum systems based on cold atoms is a long-standing
goal within the quantum community [1–7]. This requires that
atoms are continuously loaded into the region of interest,
as their typical trapping times are usually limited by heat-
ing and decoherence processes [8]. Consequently, one of the
main challenges arises from the finite interaction time of
the individual atoms and whether it fundamentally limits the
coherence time of the quantum system [9]. Overcoming this
challenge will result in the realization of continuous cold
atom platforms, which will find broad applications in devices
including quantum simulators and computers [10], but also
ultraprecise quantum sensors and clocks [11–13].

A paradigmatic example of such a device is a continuous
beam of cold atoms that traverses and interacts with an optical
cavity, which can mediate interaction between the atoms. For
cavity decay rates much larger than the other rates involved,
the cavity field will have a short memory of phase information.
This case is often referred to as the “bad-cavity” regime,
in which the cavity acts as a dissipative entity, providing a
preferred vacuum channel to which all atoms couple [14].
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Especially interesting is the case of a narrow, semiforbidden
atomic transition coupled to the optical cavity. Such a cou-
pled system might be used to realize the next generation of
superradiant lasers and active atomic clocks that operate in
continuous-wave mode [15,16]. Devices working in the bad-
cavity regime can be extremely robust against environmental
noise [17,18]. Furthermore, they can overcome the issue of
discontinuous phase evolution emerging from cyclic opera-
tion, seen, e.g., as the Dick effect, which limits the frequency
stability of state-of-the-art atomic clocks [19,20]. The phase-
noise introduced through cycling significantly affects the time
scaling by limiting the 1/time scaling of white phase noise
to 1/

√
time at all operating time scales. On the fundamental

side, such systems are formidable playgrounds for exploring
many-body physics emerging from the interplay of contin-
uous atom flow and long-range cavity-mediated atom-atom
interactions [21]. Collective atom-cavity strong coupling has
been observed in (quasi-)continuous systems for narrow tran-
sitions with ultracold atoms in a cavity [22–24] and in thermal
atoms transiting a cavity mode, with broad atomic transitions
coupled to the same mode [25]. However, it remains an open
question whether the cavity and atoms can form steady-state
coherent dressed states for a semiforbidden atomic transition,
having to overcome the finite lifetimes of cavity photons and
atoms. For an atomic beam, this is particularly challenging
as the lifetime of the atoms in the cavity mode is deter-
mined by their finite transit time rather than their natural,
narrow linewidth. The demonstration that coherent collective
atom-cavity interactions can overcome these processes is an
important step towards establishing such devices as future
quantum technologies [26].
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FIG. 1. (a) Schematic of the apparatus. An oven emits an atomic
beam of 88Sr atoms through a nozzle. The beam is then collimated by
an optical molasses. Next, the atoms are transferred from the ground
state |g〉 = 1S0 to the upper lasing state |e〉 = 3P1,m j=0 through a three-
step process: (1) storage, by optical pumping to the metastable states
|m〉 = 3P2,0, (2) cleaning, by accelerating the remaining 1S0 atoms to
velocities along the cavity axis at which they are irrelevant, and (3)
excitation, by optically pumping atoms from |m〉 to |e〉. Finally, the
prepared sample traverses the TEM00 mode of a bad-cavity optical
resonator. (b) Relevant level structure of the Sr atoms. We specify
wavelengths and polarizations used in the collimation and three-
step sequence. For clarity, some optical pumping transitions are not
shown. (c) Examples of transmission measurements as a function of
probe detuning with respect to the |g〉 → |e〉 transition. For atoms in
1S0 (dark, � = g), 3P2,0 to mimic an empty cavity (medium, � = m),
and 3P1,m j=0 (light, � = e). A Lorentzian distribution representing
the ideal empty cavity is shown with a dashed red line and is used for
normalization (see Sec. II 5).

In this paper, we demonstrate the formation of dressed
states of a thermal atomic beam that traverses an optical
cavity; see Fig. 1(c). In particular, we report strong collective
light-matter coupling of the narrow 7.5 kHz 1S0 ↔ 3P1 transi-
tion of 88Sr to a bad cavity. The transit time of the atoms is of
the order of hundreds of nanoseconds, while the cavity field
lifetime is of the order of few nanoseconds. In this regime,
the observation of normal-mode splitting, that heralds the
formation of dressed states, requires high atomic fluxes and
fast, effective collimation and cooling stages, both of which
we have realized in our experiment. We provide an extensive
overview of the experiment and theory used to analyze the
presented atomic-beam cavity setup. In particular, we observe
that small atomic beam deflections result in modified atom-
light states in the cavity mode, which materializes as a binary
normal-mode splitting. We also discuss the requirements for
realizing a continuous-wave superradiant laser with this setup,
potentially leading to an atom-based laser with an inherent
Hz-level linewidth [16]. In this context, we demonstrate gain
in our system and discuss future steps required to enter the
lasing regime with our setup. Our work is an important step

TABLE I. Key cavity parameters. The cavity linewidth κ and
the free spectral range are measured. The remaining quantities are
derived from these values and the specified mirror radius of curvature
of 100.0(1) mm.

Cavity linewidth κ/2π 53.9(2) MHz
Free spectral range FSR/2π 5.479(3) GHz
Finesse F 101.6(8)
Mode waist radius w 86.9(2) µm
Single atom cooperativity C 1.24(1) × 10−3

Cavity length L 27.38(1) mm
Single atom coupling rate g0/2π 22.4(3) kHz

towards realizing quantum technologies based on cold atomic
beams interacting with an optical cavity.

II. EXPERIMENTAL APPARATUS

Our system consists of a continuous thermal beam of 88Sr
atoms that traverses an optical resonator. During transit, the
atomic transition between the ground state |g〉 = | 1S0〉 and
the excited state |e〉 = | 3P1, mj = 0〉 couples to the resonant
TEM00 mode of the optical cavity with linewidth κ = 2π ×
53.9(2) MHz. The atomic transition has a wavelength of
λ = 689 nm and a natural linewidth of γ = 2π × 7.48(1) kHz
[27], placing our experiment deep in the bad-cavity regime,
γ � κ . The remaining cavity parameters are summarized
in Table I, in particular, the single-atom cavity coupling
g0 = 2π × 22.4 kHz and cooperativity C = 1.2 × 10−3. The
purpose of our experiment is to achieve strong collective
atom-cavity interactions and for this we need to meet a thresh-
old of mean intracavity atom number N and reduce several
severe broadening mechanisms inherent to atomic beam se-
tups. Inhomogeneous broadening is mainly due to the velocity
distribution of the atoms along the cavity axis. This results
in Doppler broadening described by δD = k�v and is re-
duced by cooling the atoms before entering the cavity. In
the experiment, we typically access Doppler broadenings of
δD ∼ 2π × 5 MHz. Homogeneous broadening of the atoms is
collected in the atomic dephasing rate 1/T2 that has multiple
origins. The main contributions to the latter are the free-space
spontaneous photon emission with rate γ , the stray light de-
scribed by the rate γB, and the finite transit times τ that lead
to transit-time broadening. Both the rates γ and γB are on the
order of 10 kHz, while the typical transit time broadening is of
the order of MHz, making it the main source of homogeneous
broadening in our setup (see also Table II). We include in

TABLE II. Summary of broadening mechanisms inherent to
atomic beam setups and expected orders of magnitude for our ex-
perimental apparatus.

Broadening type Mechanism Symbol Order of magnitude

Inhomogeneous Doppler δD ∼2π × 5 MHz
Homogeneous Natural lin. γ ∼10 kHz

Stray light γB ∼10 kHz
1/Transit time 1/τ ∼MHz
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our description the Maxwell-Boltzmann distribution of atomic
velocities along the beam propagation axis, which results in
varying transit-time broadenings. The stray light is caused by
blue laser cooling light, below the cavity, scattered by atoms
into the cavity region.

Before the atoms enter the cavity, we use optical electronic
transitions to spatially collimate, cool, and state prepare the
atoms; see Fig. 1(b). This serves to reduce Doppler broad-
ening and increase the mean number of intracavity atoms N .
A magnetic field B = Bex, with B = 1.5 G, sets the quan-
tization axis along the atomic beam propagation x axis and
lifts the mj degeneracy of the 3P1 state. The preparation takes
place through a three-stage process, see Fig. 1(a), designed to
realize an ensemble that satisfies the requirements for gen-
erating collective states of ground- [28,29] or excited-state
atoms [15]. In particular, with our preparation scheme, we
continuously prepare up to 1 × 106 atoms in |g〉 and up to
6 × 105 atoms in |e〉 that couple to the cavity mode volume
at any given time. We control the final atomic state by moving
through the metastable, stretched, fine-structure triplet states
|m〉 = |3P0,2〉. They do not couple to the cavity mode and we
can therefore use them to mimic the empty cavity. We thus
realize the strong collective atom-cavity coupling regime on
the |g〉 − |e〉 transition.

In the following paragraphs, we elaborate on the experi-
mental details that are required to describe our system.

1. Velocity profile along the beam axis

Atoms are emitted upward directly from an oven with a mi-
crocapillary tube array (305 µm inner diameter, 414 µm outer
diameter, and 8 mm length) arranged in a rectangular opening
(dimensions lz = 11 mm and ly = 2 mm). The use of capillary
tubes reduces the flux of atoms at large angles [30–32]. This
nozzle is elongated to take advantage of the cylindrical mode
volume of the cavity and increases the overlap volume; see
Fig. 1(a). No manipulation is performed along the vertical axis
(x axis). To estimate the transit time as a function of oven
temperature T , we model the atomic beam well below the
Knudsen diffusion regime with a velocity distribution along
the x axis of

fx(vx ) = βxmvxe−βx
mv2

x
2 , (1)

where βx = 1/kBT . The mean velocity is given by

v̄x =
∫ ∞

0
dvx vx fx(vx ) =

√
π

2mβx
, (2)

resulting in a mean transit time through the cavity waist of

τ = 2w

vx
=

(
8w2mβx

π

)−1/2

, (3)

where w is the waist of the optical cavity (see Table I).
In Fig. 2(a) we show an example of the velocity distribu-
tion in Eq. (1) for T = 803 K, where the mean velocity is
v̄x ≈ 345 m/s and the corresponding mean transit time is
τ ≈ 0.5 µs. We confirm the general features of the modeled

FIG. 2. (a) Velocity distribution fx in Eq. (1) normalized to
its maximum, plotted for T = 803 K. (b) Velocity distribution fz

in Eq. (4) normalized by its maximum as a function of kvz for
δD = 2π × 2 MHz. δ0 = kvz,0 = 0 (solid) and δ0 = 2π × 3 MHz
(dashed).

velocity distribution given by Eq. (2) by performing direct
time-of-flight measurements on the system; see Appendix B.

2. Velocity selective storage

In the transverse plane, our aim is to reduce the Doppler
width along the cavity (z axis) and reduce the spread of the
atomic beam along the y axis. We use optical molasses on the
broad (30 MHz linewidth) blue 1S0 → 1P1 transition, along
the y axis and z axis over a distance of 5 cm. The detun-
ing of the lasers is −14 MHz along y and −16 MHz along
z. Intensities of 1.8Isat along the y axis and 5Isat along the
z axis are used, where the saturation intensity is Isat = 41
mW/cm2. Even at these high intensities, the set of two z-
axis molasses beams experience 55 and 70% (70 and 90%)
absorption, respectively, at an oven temperature of 803 K
(833 K), due to the optical density of the atomic beam.
This leads to a z-dependent intensity imbalance between the
counterpropagating molasses beams and therefore position-
dependent forces, resulting in a broader Doppler distribution
than expected from a balanced system. Along the y axis the
atomic beam is thinner and the beam intensity imbalance is
negligible. A residual angle between the atomic beam and
the x axis in the cavity plane can originate from a tilt of
the oven nozzle and imperfect molasses beams. Small an-
gles can quickly manifest as noticeable velocity shifts in the
cavity mode [e.g., a 0.5◦ shift corresponds to 3.5(5) m/s].
The significant absorption of our beams at high temperatures
makes correcting such angles with the molasses challenging.
For this reason, we typically operate at maximum tempera-
tures around 803 K. This atomic misalignment is modeled
by introducing an offset in the velocity distribution along the
cavity axis.
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As photons can travel in two opposing directions when
coupling to the cavity mode, the resulting effective velocity
profile coupling to the intracavity photons is modeled as

fz(vz ) =
√

mβz

2π

e−βz
m(vz−vz,0 )2

2 + e−βz
m(vz+vz,0 )2

2

2
, (4)

where βz is the width determined by the effective temperature
reached and vz,0 is an offset that models possible misalign-
ment with the x axis. The two averaged Gaussian distributions
take into account the two travel directions of cavity-mode pho-
tons. It is natural to consider this function in units of Doppler
shift δ = kvz for which we can use f̃ (δ)dδ = f (vz )dvz to
derive

f̃ (δ) = 1√
2πδ2

D

e
− (δ−δ0 )2

2δ2
D + e

− (δ+δ0 )2

2δ2
D

2
. (5)

Here we have defined the Doppler width as

δD =
√

k2

mβz
. (6)

Figure 2(b) shows examples of the velocity distribution
along the cavity for δD = 2π × 2 MHz and δ0 = kvz,0 = 0
(solid) or δ0 = 2π × 3 MHz (dashed). From these curves,
we see that vz,0 mimics an effective splitting of the velocity
distribution.

To prepare the atoms in the inverted state |e〉, additional
experimental steps along the x axis are introduced. With these
steps, we aim to realize inversion while controlling the atomic
velocity distribution along the cavity axis, to explore different
velocity regimes. Particularly intriguing are scenarios where
the single-atom linewidth of |g〉 → |e〉 is Doppler dominated
or transit time dominated, as distinct collective behaviors
have been predicted for an inverted sample in these two
cases [33,34]. Although a Doppler-dominated sample is easy
to achieve, the transit-time-dominated regime requires slow
atoms, along the cavity axis, traversing the cavity mode. This
introduces two problems: how does one achieve a variable,
narrow velocity distribution and how does one remove the
“undesired” atoms, i.e., those that are too fast. To solve these
problems, we designed a velocity-selective pumping scheme
along the z axis that shields the slow atoms by storing them
in the metastable states |m〉 = 3P2,0. Subsequently, a cleaning
mechanism is employed to accelerate atoms that remain in
the ground state because of imperfect state transfer. This is
done by Doppler displacing their frequency, to spectrally sep-
arate them from the selected atoms. The velocity selection is
achieved by optical pumping on the 7.5-kHz-wide 1S0 → 3P1

transition. We can regulate the mean atomic velocity by
choosing the beam angle and frequency detuning, while the
velocity range is regulated by the power broadening of the
transition. We use resonant light that targets a velocity dis-
tribution centered at zero. Tuning the 689 nm pump beam
to a maximum intensity of 44.3 mW/cm2 (∼104Isat, with
Isat ∼ 3 µW/cm2 for this transition), we can address atoms
in a range of up to ±0.5 m/s, giving a maximum Doppler
width of 2π × 0.7 MHz. Here we are limited by the available
optical power, but the width of the target distribution can be

additionally broadened by introducing a divergence of the
storage beam. The driven atoms are then transferred to 3S1

with a 688 nm beam from where they decay to the metastable
states; see green arrows in Fig. 1(b). The long lifetimes of
these states allow us to store atoms in them for the duration
of their travel through the vacuum chamber. The maximum
transfer efficiency that we achieve from the full ground-state
distribution to the storage states, |m〉, is 67% for a nozzle
temperature of 803 K.

3. Sources of decoherence: Fast atoms and scattered blue light

The storage stage selects atoms whose transit-time broad-
ened spectra dominate over their Doppler detuning, that is,
atoms for which the condition vzτ < λ|g〉→|e〉/2 [15] is met.
This condition teaches us which atoms contribute to the col-
lective interaction. In fact, for atoms with very small transit
times, even high velocities along z do not hinder the interac-
tion with the zero-velocity class. However, after the storage
state, atoms that are fast along the cavity axis remain in
the ground state. The presence of these ground-state atoms
thus effectively diminishes the inversion and coherence of a
collective state. To address this, we accelerate the remaining
ground-state atoms using resonant 461 nm light, in a cleaning
stage. The atoms in metastable states do not interact with this
light, while ground-state atoms gain a Doppler shift with re-
spect to the bare cavity mode, thereby reducing their coupling
strength. With 30 mW of resonant 461 nm light we reach
∼3Isat for a maximum Doppler shift of 2π × 7.7 MHz.

A second source of decoherence is the blue stray light
from 461 nm beams that scatters off atoms and subsequently
crosses the cavity mode. This blue stray light contributes to
the T2 dephasing with an incoherent scattering rate γB. We
measure the direct scattering from the cavity atoms and infer a
maximum scattering rate γB = 2π × 9.3 kHz off atoms in the
cavity mode. This rate is comparable to the natural linewidth
of the transition and much smaller than δD, 1/τ , and κ , which
justifies the neglect of this term in our theoretical description
in Sec. III.

4. Incoherent pumping to |e〉
After the velocity-selective storage and state cleaning re-

gions, the atomic beam passes through a heat shield that
partially isolates the cavity mode from the first two stages.
This is primarily used to reduce heat transfer through ther-
mal radiation from the oven, which can induce a drift of the
cavity length when the oven temperature changes. After the
heat shield, the atoms reach the excitation stage. Here, the
atoms are pumped with 679 nm and 707 nm σ± laser beams
propagating along the y axis, with an elliptical beam profile
(Gaussian profile along x, with a waist of wx = 1 mm and a
uniform profile along z with a width of wz = 15 mm). These
beams excite the atoms from the metastable states 3P0 and
3P2, where they are stored, to 3S1. From this state, the atoms
decay spontaneously via the only remaining decay channel
to 3P1; see Fig. 2(b). To maximize the gain in our setup we
select a single mj state, the magnetic insensitive mj = 0 state,
as the excited state. However, the spontaneous decay process
does not selectively transfer atoms to this state, so we apply
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an additional 688 nm π polarized beam to depopulate the
mj = ±1 states and bring them back into the pumping cycle.

The atomic state decays over a few millimeters due to the
natural lifetime of the 3P1 manifold, making the distance from
this stage to the cavity mode crucial. For this reason, the
pumping stage is applied as close as possible to the cavity
mode [16].

To study the atom-cavity interaction for ground-,
metastable-, or excited-state atoms, we directly monitor the
transmission through the cavity when applying only cooling
(|g〉), adding storage and cleaning (|m〉), or using all three
stages (|e〉).

5. Output detection

By continuously observing the transmission of an external
drive coupled to the TEM00 mode of the cavity, we can assess
the state of our atomic beam as it traverses the cavity mode.
In particular, we can measure the effective atom number cou-
pling to the optical mode, the atomic velocity distribution
along z, and the inversion efficiency; see Sec. III. For nominal
intracavity intensities of I0 = 103 to 104Isat, corresponding to
hundreds of nW to µW input power, we use an avalanche de-
tector to perform a direct measurement of the signal I�. Here
we define I� as the intracavity intensity modified by atoms
in the ground, metastable, or excited state corresponding to
� ∈ {g, m, e}. To detect small intensities, down to I0 � Isat,
we employ a heterodyne beat measurement, with a 20 MHz
detuned local oscillator (LO). For each experimental condi-
tion, we can measure a transmission signal proportional to
the intracavity field intensity. In particular, the signal Im is
used to mimic an empty-cavity signal, even at high oven tem-
peratures. This allows fast modulation between signals ∝ Ig,
Im, and Ie, which is convenient, e.g., for fast optimization of
atomic state-dependent quantities, by looking at the relative
difference with and without atoms at each temperature [see
Fig. 1(c) for examples].

III. THEORETICAL DESCRIPTION

In this section, we present the theoretical tools that we
employ to describe our experiment. For this we build on
the theory that has been developed in Refs. [15,33–35] to
describe superradiant emission from atomic beams. In con-
trast to these previous works we will not rely on adiabatic
elimination of the cavity degrees of freedom, which allows
us to treat atoms and cavity on similar timescales. In addition,
we also extend the existing theory by an external cavity drive,
which probes the atom-cavity system and plays a key role in
our experimental setup.

Our starting point are the Heisenberg-Langevin equa-
tions describing the dynamics of the transition matrix element
σ̂−

j = |g〉 j〈e|, the inversion σ̂ z
j = |e〉 j〈e| − |g〉 j〈g|, the atomic

position x̂ j and conjugate momentum p̂ j , and the cavity an-
nihilation operator â. The Heisenberg-Langevin equations are
given by

dâ

dt
=

(
i[�L − �c] − κ

2

)
â − i

� + g0Ĵ−

2
+ √

κF̂ , (7)

d σ̂−
j

dt
= i�Lσ̂−

j + ig0

2
η(x̂ j )σ̂

z
j â, (8)

d σ̂ z
j

dt
= ig0η(x̂ j )(â

†σ̂−
j − σ̂+

j â), (9)

d x̂ j

dt
= p̂ j

m
. (10)

Equation (7) describes the dynamics of the cavity coupled
to atoms with vacuum Rabi frequency g0 and driven by an
external laser with rate �. Here, we introduce the detunings
�L = ωL − ωa between the laser and the atomic transition and
�c = ωc − ωa between the cavity and the atomic transition.
Furthermore, we introduced the collective dipole

Ĵ =
∑

j

η(x̂ j )σ̂ j, (11)

which weights the individual atomic transition elements with
the cavity mode function evaluated at their current atomic
position x̂ j . The last term in Eq. (7) describes cavity shot
noise with 〈F̂ (t )〉 = 0 = 〈F̂†(t )F̂ (t ′)〉 and 〈F̂ (t )F̂†(t ′)〉 =
δ(t − t ′). Equations (8) and (9) describe the dynamics of the
transition matrix element and the atomic inversion coupled
to the cavity, while Eq. (10) describes the ballistic motion of
atoms with mass m. We assume that the atoms enter the cavity
in an incoherent mixture and traverse the cavity mode profile,
which we describe by

η(x) = cos(kz)e− x2

w2 . (12)

Here, w is the waist of the cavity mode (see Table I) and
k = 2π/λ is the wave number of the cavity mode. Note that
we restrict ourselves to an effective two-dimensional model
that includes the most important concepts such as Doppler
broadening given by

δD = k�p̂z

m
(13)

and transit time

τ = 2w

〈p̂x〉/m
, (14)

where �pz = √〈p̂2
z〉 − 〈p̂z〉2 is the width of the single-particle

momentum distribution along the cavity axis and 〈p̂x〉/m the
mean velocity along the atomic beam axis.

Equations (8)–(10) are derived assuming that (i) spon-
taneous emission and external sources of dephasing are
negligible on the typical timescale in which the atoms interact
with the cavity. As we discussed in the previous section this
is fulfilled since our typical interaction time is determined
by the transit time of the atoms, which is � 1 µs, while the
decoherence times from free-space spontaneous emission and
scattered blue light are of the order ∼100 µs. In addition, we
assume that (ii) the atoms transit the cavity ballistically and
optomechanical forces are negligible. This is true if the typical
exchange of momentum does not significantly modify the
atomic momentum distribution, h̄kgτ

√
〈â†â〉 � �p, where

〈â†â〉 denotes the mean intracavity photon number.

A. Mean-field description

To be able to simulate the described equations and to
extract analytical results we employ a mean-field description
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of the atoms. Here, we exchange the operators by complex
numbers â ↔ α, σ̂−

j ↔ s j , σ̂ z
j ↔ sz

j , x̂ j ↔ x j , and p̂ j ↔ p j .
In addition, we neglect the shot-noise contribution so that the
corresponding mean-field equations read

dα

dt
=

(
i[�L − �c] − κ

2

)
α − i

� + g0J

2
, (15)

ds j

dt
= i�Ls j + ig0

2
η(x j )s

z
jα, (16)

dsz
j

dt
= ig0η(x j )(α

∗s j − s∗
jα), (17)

dx j

dt
= p j

m
, (18)

with J = ∑
j η(x j )s j . When performing numerical simula-

tions, we use these equations of motion (for further details,
we refer to Appendix A). For analytical calculations it
is useful to introduce a description for the spin densi-
ties s(x, p, t ) = ∑

j s jδ(x − x j )δ(p − p j ) and sz(x, p, t ) =∑
j sz

jδ(x − x j )δ(p − p j ) given by
∂s

∂t
= − p

m
· ∇xs + i�Ls + ig0

2
η(x)szα, (19)

∂sz

∂t
= − p

m
· ∇xsz + ig0η(x)(α∗s − s∗α). (20)

The collective dipole in the density description can be calcu-
lated as

J =
∫

dx
∫

dp η(x)s(x, p, t ). (21)

Above, we used the notation ∇x = (∂/[∂x], ∂/[∂z])T . Equa-
tions (19) and (20) are partial differential equations that
require a boundary condition to be solved. This is physically
set by the atoms that enter the optical cavity at every moment.
Mathematically we therefore impose that at the boundary set
by the line x0 = (x0, z0) with x0 → −∞ the atoms enter in
an incoherent state s(x0, p) = 0 with spatially independent
excited- and ground-state population sz(x0, p) = sz

0(p). The
assumption that sz

0(p) is homogeneous in space relies on the
atomic beam width to be much larger than the wavelength of
the mode function cos(kz). This also enables us to restrict the
spatial extent of the integration

∫
dx = ∫ λ

0 dz
∫ ∞
−∞ dx, while

the integration over momentum is
∫

dp = ∫ ∞
0 d px

∫ ∞
−∞ d pz.

To model the physical state of the atomic beam, we further
assume

sz
0(p) = Ne f (e)

x

( px

m

)
f (e)
z

( pz

m

) − Ng f (g)
x

( px

m

)
f (g)
z

( pz

m

)
2wλm2

. (22)

The numbers Ng and Ne describe the number of atoms in the
excited and ground state within an interval of x ∈ [−w,w].
Note that this defines the number of atoms coupled to the
cavity as N = Ne + Ng. The terms f (a)

x , f (a)
z describe the mo-

mentum distribution of the atoms, which has been introduced
in Eqs. (1) and (4). The “(e)” and “(g)” superscripts intro-
duced in the functions f (e)

z , f (e)
x , f (g)

z , f (g)
x highlight that the

parameters introduced in Eqs. (1) and (4) can be state de-
pendent and we allow for different values of Doppler width
δ

(a)
D and offset δ

(a)
0 for atoms in ground and excited states

a = g and a = e, respectively. The physical reason for the
dependence of the Doppler width and offset is based on our

preparation protocol. The alignment of the cooling, cleaning,
collimation, and excitation lasers to the cavity axis all affect
the final atomic distribution. In conclusion, we assume that
this distribution models our physical reality at hand, although
we note that one could improve the modeling by incorporat-
ing a correlation between px and pz. In this paper we will,
however, assume no such correlation and additionally that the
excited- and ground-state atoms move the same way along the
x axis resulting in f (e)

x = f (a)
x .

In the following, we discuss the stationary state of
Eqs. (15), (19), and (20). The first parameter regime that we
consider is the weak driving regime, where the change in the
atomic states can be treated perturbatively. This will enable us
to derive the condition for lasing and normal mode splitting
analytically.

B. Weak driving regime

We first consider the case where the atoms transit the cavity
while the atomic state population remains to a good approxi-
mation unaffected. This assumes that the atoms are traversing
the cavity sufficiently fast and that the driving is sufficiently
weak such that we can treat �, α = δα, and s = δs pertur-
batively and rely on a linear response theory. To be specific,
for atoms that enter the cavity in the ground state, this means
that the power is insufficient to excite them significantly. For
atoms that enter in the excited state, this linear response theory
is valid outside of the lasing regime.

The formal solution for δs at steady state is calculated from
Eq. (19) and given by

δs = ig0δα

2

[
−i�L + p

m
· ∇x

]−1
η(x)sz

0. (23)

With this solution we can find an expression for the collective
dipole [Eq. (21)] given by

δJ =
∫

dx
∫

dp η(x)δs

= ig0δα

2

∫
dx

∫
dp

∫ ∞

0
dt ei�Ltη

(
x + p

m
t
)
η(x)sz

0.

(24)

Now solving Eq. (15) for the field, we get

δα = −i �
2

−i[�L − �c] + κ
2 + �

2

, (25)

where we introduced

� = −g2
0

2

∫
dx

∫
dp

∫ ∞

0
dt ei�Ltη

(
x + p

m
t
)
η(x)sz

0. (26)

This allows us to calculate the normalized transmission

I

I0
= |α|2

(�/κ )2
. (27)

We can now use Eq. (22) to derive

� = �g − �e, (28)

with

�a =
√

π

2

Nag2
0

8

∫ ∞

0
dt ei�Lt cos(δa

0t )e− (δ(a)
D )2t2

2
1

1 + 8t2

πτ 2

(29)
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FIG. 3. Transmission as function of �L calculated using
Eqs. (27), (28), and Eq. (25) for (a) N = 4 × 104, δ0 = 0, δD = 2π ×
4 MHz, (b) N = 8 × 105, δ0 = 0, δD = 2π × 4 MHz, and (c) N =
8 × 105, δ0 = 2π × 5.5 MHz, δD = 2π × 4 MHz. (d) Phase diagram
indicating the regions of no normal-mode splitting [no NMS; see (a)]
and normal-mode splitting [NMS; see (b)] as function of δD and N
for fixed δ0 = 0. (e) Phase diagram showing the parameter space in δ0

and δD where one observes no normal-mode splitting [no NMS; see
(a)], normal-mode splitting [NMS; see (b)], and binary normal-mode
splitting [bi-NMS; see (c)] for fixed N = 8 × 105. The cross sym-
bol in (e) indicates the parameters that we realized experimentally
(see Fig. 7). The remaining parameters are κ = 2π × 54 MHz and
τ = 0.5 µs.

and a = e, g. The rates �g and �e describe the loss and gain
resulting from the presence of atoms in the ground and excited
states, respectively. If all atoms are in the ground state, then
Ne = 0 and the presence of the atoms creates an additional
loss channel. For the extreme case Ng = 0, Ne = N and we
obtain � = −�G < 0, which results in gain for the cavity field
mode.

In order to understand the physical implications of this for-
mula, we study the case of the cavity being resonant with the
atoms, �c = 0, which is also considered in the experiment.

1. Absorption and normal-mode splitting

We first study Ne = 0, which is the physical scenario of
absorption. For this scenario, we set δ0 = δ

(g)
0 and δD = δ

(g)
D .

The theoretical results discussed in this part are important for
the fitting procedure that is used in Sec. IV A and for Figs. 6
and 7.

We discuss the case where the atoms in the atomic beam
can absorb cavity photons and leave the cavity with the re-
sulting excitation. This creates an additional decay channel
from the cavity and results in an effective broadening of the
cavity linewidth. In the formulas, this is expressed by � > 0
for �L = 0. In Fig. 3(a) we plot the transmission of the cavity
for N = 104 and δ0 = 0. We see a transmission that is only

very slightly modified with respect to the empty cavity. To
demonstrate the broadening, we plot the empty cavity trans-
mission for N = 0 as a red dashed line. In particular, we see
an absorption close to �L ≈ 0. When increasing the atom
number we observe a normal mode splitting (NMS), which is
visible in Fig. 3(b) for N = 8 × 105 and δ0 = 0. To study the
onset of NMS, we show in Fig. 3(d) a phase diagram where
we indicate the parameters of δD and N where no-NMS and
NMS are seen, respectively. The phase diagram is calculated
for δ0 = 0. We see that NMS requires sufficiently large atom
numbers and sufficiently low Doppler width δD. For realistic
experimental parameters of δD ∼ 5 MHz we thus expect a
NMS if N > 105.

To explore the role of δ0 we show in Fig. 3(c) the transmis-
sion for δ0 = 2π × 5.5 MHz and N = 8 × 105. In contrast to
Fig. 3(b) we now see three peaks with a symmetry around
�L = 0. This “binary NMS” (bi-NMS) is a consequence of
two normal-mode splittings that appear at the offset resonance
±δ0; this leads to a total of three peaks. To show the param-
eter regime where this behavior is observed, we calculated in
Fig. 3(e) the phase diagram that shows all three transmission
regimes. The phase diagram is plotted for fixed atom number
N = 8 × 105. For low δ0 we observe mostly NMS, which can,
however, transition to no-NMS for sufficiently large Doppler
width δD. Increasing δ0 we can enter the bi-NMS regime
provided that the offset can overcome the broadening δ0 � δD.

2. Gain and lasing

We will now study the regime in which we expect a gain
from an atomic inversion that can result in lasing. For this,
we focus on the case Ng = 0 and Ne = N . In this case, we
assume δ0 = δ

(e)
0 and δD = δ

(e)
D . In Fig. 4(a) we show a typical

transmission profile if the atoms are perfectly inverted for N =
8 × 105, δ0 = 0, and a Doppler width of δD = 2π × 4 MHz.
For these parameters, we already see a large gain at resonance
�L ≈ 0. Increasing the atom number further will eventually
result in lasing. We can calculate the lasing threshold by
finding the divergence of the transmission originating from a
divergence of Eq. (25). This divergence marks the breakdown
of our linear response theory and therefore the onset of the
lasing phase. The solid line in Fig. 4(c) shows the transition
from nonlasing to lasing where we have chosen δ0 = 0. For
the experimentally relevant parameters, we find that lasing
requires atom numbers of several million. In the experiment,
we reach an order of magnitude less in atom number. As a
guide to the eye, we also show the threshold for NMS as a red
dashed line. The transition to NMS occurs for atom numbers
that are an order of magnitude lower, which highlights that the
presence of NMS does not imply that one can access a lasing
regime.

To demonstrate the effect of a velocity offset described
by δ0 �= 0 we show the cavity transmission in Fig. 4(b) for
δ0 = 2π × 5.5 MHz. Here, the maximum gain is found at a
different location, �L ≈ δ0, highlighting the overall Doppler-
shifted emission frequency of the gain medium. We remark at
this point that this transmission profile is a precursor of the
“bistable superradiant” phase described in Ref. [33]. This is
a distinct superradiant lasing phase, which can in principle
be accessed in such setups. This gain profile is qualitatively
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FIG. 4. Transmission as function of �L calculated using
Eqs. (27), (28), and Eq. (25) for N = 8 × 105 and (a) δ0 = 0,
δD = 2π × 4 MHz and (b) δ0 = 2π × 5.5 MHz, δD = 2π × 4 MHz.
(c) Threshold to superradiant lasing for δ0 = 0 as a function of N and
Doppler width δD. In all calculations we have assumed a perfectly
inverted atomic beam. The red dashed line shows the threshold
above which NMS would be found when N = Ng. The remaining
parameters are κ = 2π × 54 MHz and τ = 0.5 µs. The cross marker
indicates the parameters used in subplot (a) and it points to the ex-
perimentally achieved numbers of N and δD before atomic excitation
in our setup (see Sec. IV and Fig. 7).

recovered by our experiment as discussed in Sec. IV B (see
also Fig. 9).

C. Stronger driving

So far, we have only discussed the implications of weak
cavity probing. In this subsection, we show the effects of
strong driving in the transmission profile and also derive a
semianalytical formula for calculating the transmission on
resonance. This formula is used for the experiment compar-
ison discussed in Sec. IV B and Fig. 8.

To access the transmission spectrum, we simulate the
mean-field equations (15)–(18). We initialize the system in
the atomic ground state Ne = 0 and Ng = N = 3 × 106. We
work in a regime where we expect NMS for weak driving
δD = δ

(g)
D = 2π × 10 MHz, δ0 = δ

(g)
0 = 0. In Figs. 5(a) and

5(b) we show as a dashed line the transmission profile for
weak driving calculated using Eq. (25). In the simulations we
choose parameters where the atoms start to saturate and thus
expect discrepancies from Eq. (25). In order to classify the
input power, we refer to the saturation intensity inside of the
cavity,

|�| 2g0
2

κ2γ 2
= I0

2Isat
, (30)

where γ = 2π × 7.5 kHz is the natural linewidth of the
atoms. We remark here that even I/Isat � 1 does not imply

FIG. 5. Transmission as function of �L for N = 3 × 106,
δD = 2π × 10 MHz, and δ0 = 0 and (a) I0/Isat = 9.20 × 104 and
(b) I0/Isat = 3.68 × 105, respectively. The dashed lines are the pre-
diction of the weak driving theory using Eq. (25). For the calculation
of the data points we have simulated the mean-field equations (15)–
(18).

saturation of the atoms, since they only interact with the
cavity over a very short timescale τ � γ −1. In Figs. 5(a)
and 5(b) we show the transmission for very large intensities
I/Isat = 9.20 × 104 and I/Isat = 3.68 × 105, respectively.

The central peak shows up as stationary atoms along the
cavity axis are saturated by light propagating in both direc-
tions within the cavity. For trapped atomic ensembles, this
peak is typically limited by the natural linewidth of the atoms
[36,37]. In vapor cells, Doppler broadening determines the
width [25]. In our atomic beam setup, the limitation is pri-
marily given by the inverse of the typical interaction time 1/τ

of the atoms with the cavity. In particular, we only observe
small changes in the width for the different driving strengths
used in Figs. 5(a) and 5(b).

Here we provide the general formula for describing
the transmission for strong driving in the specific case
of �L = 0. We derive a semianalytical formula for the
transmission, which is later used in Fig. 8. For this, we em-
ploy the parametrization s = sz

0(p) sin[K (x, p)]/2 and sz =
sz

0(p) cos[K (x, p)], where K is the azimuthal angle and sz
0

describes the state of the incoming atoms at x0. Such a
parametrization is possible because the “effective spin length”
s2

z + 4|s|2 is a constant of motion of the underlying Eqs. (19)
and (20) and without loss of generality we can assume that
s is real for �L = 0. The boundary condition is given by
K (x0, p) = 0. Under these assumptions we can derive a dif-
ferential equation for K that is valid at steady state:

p
m

· ∇xK = g0α0η(x), (31)

α0 = � + g0

J
κ. (32)
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This equation can be solved using the form of η given in
Eq. (12) and K (x, p) takes the form

K = g0α0m

px

∫ x

−∞
du cos

[
kz − kpz

px
(x − u)

]
e− u2

w2 . (33)

Now using Eq. (33) in Eq. (21) we get

J = −
∫

dx
∫

dp
sz

0(p)

2g0α0

p
m

· ∇x cos[K (x, p)]

= −
∫

dx
∫

dp
sz

0(p)

2g0α0

px

m

∂ cos[K (x, p)]

∂x
,

since K is periodic in z. Combining these two results leads to
the equation

J = λ

∫
dp

px

m

sz
0(p)

2g0α0

[
1 − J0

(
g0α0m

px

√
πw2e

− k2w2 p2
z

4p2
x

)]
.

(34)

In the above equation J0 is the zeroth-order Bessel function.
To find the steady state of the cavity field, one now needs to
solve the above equation and Eq. (32) self-consistently using
Eq. (22). In practice, this is done numerically.

IV. RESULTS AND ANALYSIS

In this section we present experimental data and use the
theory introduced in the previous section for their analysis.

A. Atomic-beam properties as a function of oven temperature

To study the atomic-beam parameters in different regimes,
we change the oven temperature while keeping the cooling
and collimation protocol the same. Atoms enter the cavity
in |g〉. The bare cavity is resonant with the atomic transition
|g〉 → |e〉. We change the external driving laser detuning �L

over the interval 2π × [−16 MHz, 16 MHz]. The lasers’ in-
tensity is fixed and corresponds to a single-atom intracavity
saturation parameter of I0/Isat = 1.1 × 104. The results are
shown in Fig. 6(a) for T = 823 K and 6(b) for T = 781 K. For
both temperatures we find a central peak and two shoulders.
Given a Doppler-free saturation feature, we would expect
the central peak linewidth to be determined by transit time
and power broadening. However, in both cases we observe
a broader feature. We attribute this behavior to a nonzero
δ0 = δ

(g)
0 of the atomic beam, indicating that we are work-

ing in the bi-NMS parameter regime. The broadening of the
central peak, together with the increased separation of the
side shoulders, indicates that, by increasing the temperature
in Fig. 6(a), we have reached a higher atomic flux and also a
larger δ0.

We use Eqs. (25) and (28), valid for transmission under
weak driving, and fit the values of δD, δ0, and N to the exper-
imental data. The corresponding fits are visible as red lines in
Figs. 6(a) and 6(b) and show excellent qualitative and good
quantitative agreement. The fitted parameters, including error
bars, are shown in Fig. 7 against the oven temperature T . In
Fig. 7(a) we show the increasing atom number as a function
of oven temperature. This implies that our oven operates in a
regime where temperature is approximately linearly propor-
tional to the atom number arriving at the cavity. The expected

FIG. 6. Experimentally measured transmission as function of the
detuning �L for (a) T = 823 K and (b) T = 781 K with an intracav-
ity power corresponding to I0/Isat = 1.1 × 104. The red curves are
fits to the experimental data of the numerically calculated transmis-
sion with optimized N , δD, and δ0. For the fits we used Eqs. (25) and
(28), (a) τ = 0.486 µs, and (b) τ = 0.499 µs and κ = 2π × 54 MHz.

oven vapor pressure for strontium increases by an order of
magnitude over this temperature range, indicating that we
could be at the edge of the molecular flow regime of the
oven nozzle [38]. Figure 7(b) shows that, at low temperatures,
the cooling protocol consistently prepares the atoms near a
Doppler width of approximately δD = δ

(g)
D ∼ 2π × 3 MHz

along the cavity axis. With increasing temperature, however,
the rising optical density of the atomic beam reduces the
effectiveness of the transverse cooling, leading to an increased
Doppler spread. In Fig. 7(c) we show the fitted mean veloc-
ity offset δ0. Notably, we observe a growing offset δ0 with
increasing temperature, which we attribute to a combination
of two factors: first, a structural tilt which is independent of
temperature; second, imperfections in our transverse cooling
caused by spatial and velocity dependence of the absorption
in the transverse cooling beams. Since the efficiency of trans-
verse cooling changes with atomic density, we also see a
δD dependence of the oven temperature. In short, the optical
density of a high-flux beam is problematic for a technique
that relies on finely balancing forces. We note that the ob-
served absorption of cooling beams in the experiment from
a single pass is on the order of 40%. The combination of a
modified cooling efficiency and the structural tilt produces the
temperature-dependent offset.

B. Absorption and gain on resonance

We now study absorption of the atomic beam when modi-
fying the driving laser intensity. For this we measure Ig/I0 on
resonance, �L = 0, and calculate the relative absorption with
respect to an empty cavity. The experimental data are recorded
using a heterodyne measurement, detailed in Sec. II 5. The
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FIG. 7. Three parameters (a) N , (b) δD, and (c) δ0 obtained by
fitting Eq. (27), using Eqs. (25) and (26), to the measured data
for different oven temperatures T . The error bars indicate where
the relative error of the fit has increased by more than 10% when
changing the single corresponding parameter. For examples of the
fits see Fig. 6.

empty cavity signal is obtained by transferring the atoms to
the storage states |m〉 = 3P0,2. We define the relative absorp-
tion as (Im − Ig)/Im. We fix the oven temperature to T =
803 K and map out the absorption in Fig. 8(a). We see that
the amount of relative absorption decreases as saturation in-
creases. In order to compare experimental data with theory,
we use the fit parameters of Fig. 7 for T = 803 K, N ≈
4.1 × 105, δD ≈ 2π × 2.38 MHz, and δ0 ≈ 2π × 1.74 MHz.
With these parameters, we solve Eq. (21) self-consistently
with Eq. (32) as a function of the intensity I/Isat. The result
is visible as a black solid line and is in very good agreement
with the experimental result over several orders of magnitude
of the probe power.

Having demonstrated the transition to nonlinear behavior
in the |g〉 atom-cavity system (bi-NMS), resulting in a 25%
absorption on resonance, we now consider an inverted-state
atomic beam. This is done by introducing the storage, clean-
ing, and excitation stage to reach an |e〉 population that is
spectrally separated from any remaining ground-state atoms.
Cavity transmission measurements reveal the presence of op-
tical gain for the inverted sample, as depicted in Fig. 8(b).

FIG. 8. Measured (a) relative absorption and (b) relative gain
as function of the input power visible as symbols with measured
error bars. The oven temperature is T = 803 K and we use the fit
parameters from Fig. 7, N = 4.1 × 105, δD = 2π × 2.38 MHz, and
δ0 = 2π × 3.53 MHz. By solving Eq. (32) this gives us the black
solid line. The dashed gray lines are calculated from the error bars
visible in Fig. 7. For calculation of the black dashed line in (b) we use
the same parameters, except that we assume that only atoms within
the more narrow δ′

D = 2π × 0.7 MHz have been inverted and the
ground-state atoms are removed [see Eq. (35) for the distribution of
the excited atoms]. The dash-dotted line in (b) is calculated under the
same assumptions but without removing the ground-state atoms [see
Eq. (36) for the distribution of the ground-state atoms].

We define the relative gain as (Ie − Im)/Im. At low intensities,
we observe a relative gain of ∼10%, which decreases with
increasing drive intensities. We use the same fitting param-
eters as above and solve Eq. (21) together with Eq. (32)
self-consistently. The resulting curve, represented by the solid
black line in Fig. 8(b), illustrates the achievable gain for per-
fect inversion of the atomic ensemble measured in Fig. 8(a).
In particular, this means that we assume Ne = N , δ

(e)
D = 2π ×

2.38 MHz, and δ
(e)
0 = 2π × 3.53 MHz. We see that this results

in a gain that is a factor of 2 larger than the experimentally
observed value. We expect this discrepancy to be caused by
the limited efficiency with which we prepare atoms across all
Doppler detunings. To incorporate this effect into the theory
we assume that only a range of δ′

D = 2π × 0.7 MHz around
the center of the momentum distribution is inverted and all
remaining ground-state atoms are removed by the cleaning
stage. The frequency range of δ′

D corresponds to the power
broadening achieved in the storage stage discussed in Sec. II 2.
From this assumption, we can calculate the excited-state dis-
tribution function for the Doppler shift uz as

f (e)
z (uz )= Ne√

2π
(
δ

(e)
D

)2
e
− (uz−δ

(e)
0 )2

2(δe
D )2 = N√

2π
(
δ

(g)
D

)2
e
− (uz−δ

(g)
0 )2

2δ2
D e

− u2
z

2(δ′D )2.

(35)
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Using the above equality we find Ne ≈ 0.1N , δ
(e)
D ≈ 2π ×

0.67 MHz, and δ
(e)
0 ≈ 2π × 0.28 MHz. We then use these

parameters and set Ng = 0 to calculate the expected gain. The
result of this calculation is visible as a dashed line in Fig. 8(b)
and is still overestimating the gain observed in the experiment.

The reason for this overestimation is likely a combination
of the need for a more precise description of the excitation
(e.g., by incorporating also the velocity profile along the x
direction) and imperfect removal of ground-state atoms in the
experiment. To incorporate the latter in our description we
calculate the gain for a modified excited-state distribution [see
Eq. (35)] but assume that none of the remaining ground-state
atoms are removed by the cleaning stage such that

f (g)
z (uz ) = N√

2π
(
δ

(g)
D

)2
e
− (uz−δ

(g)
0 )2

2(δD )2
[
1 − e

− u2
z

2(δ′D )2
]
. (36)

This produces the expected gain visible as a dash-dotted
line in Fig. 8(b). The agreement with the experimental data
indicates that residual ground-state atoms, likely due to inef-
ficiencies in the cleaning stage, may account for the observed
gain reduction. However, we consider the complete ineffi-
ciency of the cleaning stage to be improbable and propose that
the gain reduction has the additional cause of a broadening
of the gain medium due to relative misalignments between
and divergence of the storage laser, the atomic beam, and the
cavity axes.

This claim is supported by studying the gain spectrum
in Fig. 9. In Fig. 9(a), we present the predicted gain spec-
trum based on the theory used to calculate the gain shown
in Fig. 8(b). As a black solid line we show the case where
atoms are excited within a frequency window of δ′

D = 2π ×
0.7 MHz, producing a resonant gain peak, and where ground-
state atoms are not removed, causing detuned absorption dips.
By contrast, the gray line represents the same conditions
with perfect removal of ground-state atoms. This results in
the elimination of the absorption dips and predicts a higher
gain at zero detuning �L = 0 [compare with the dashed and
dash-dotted line in Fig. 8(b)]. As a guide to the eye, we show
the empty-cavity response as a light gray dotted line.

To compare our insights from the theoretical description
with the measured data, we show in Figs. 9(b) and 9(c) the
measured transmission as black solid lines. Incoherent pump-
ing to |e〉 from metastable states 3P0,2 (|m〉) is modulated to
compare, in real time, an empty-cavity-like condition, � = m,
and a cavity with an inverted sample, � = e. In contrast to the
theory, we do not find frequency ranges in which we observe
large absorption from fast ground-state atoms, comparable to
the gain. However, we notice small effects of these atoms
in both � = e, m signals, where the transmission at high
detunings (∼10 MHz) is reduced compared to the expected
bare-cavity distribution.

Experimentally, we see an optical gain even for rather large
detunings �L > δ′

D, compared to the theoretical prediction
visible in Fig. 9(a). This is likely caused by a small divergence
in the storage laser beam, broadening the range of velocities
addressed. Furthermore, Fig. 9(b) shows the maximum gain
at resonance �L ≈ 0, corresponding to the condition shown
in Fig 8(b), while Fig. 9(c) shows an off-resonant maximum

FIG. 9. (a) Theoretical prediction of the gain spectrum, obtained
using Eq. (36) and Eq. (35) in Eqs. (25) and (26), shown as black
solid line (� = e) with N = 4.1 × 105, δ

(g)
D = 2π × 2.38 MHz,

δ
(g)
0 = 2π × 3.53 MHz, T = 803 K, and δ′

D = 2π × 0.7 MHz. The
gray solid line (� = e) is shown for the same parameters but after
removing the ground-state atoms. The experimentally observed gain
spectra for (b) and (c) are shown as black solid lines. Their modu-
lation is a result of alternating between atoms in |e〉 (� = e) or |m〉
(� = m). While the probe frequency is scanned over 30 MHz in 100
ms, optical pumping of atoms from |m〉 to |e〉 is toggled on or off
with a period of 0.5 ms. The experimental parameters are T = 803 K
with an intracavity power corresponding to I0/Isat = 1.1 × 104. By
comparing a Gaussian to the |m〉 signal we find that the asymmetric
shape of the data set is given by a nonzero cavity detuning of the
order of 2π × 1.25 MHz. The dark gray (� = e) lines are theory
calculations with Ne = 1 × 105 and (b) δ

(e)
0 = 2π × 2.5 MHz, δ

(e)
D =

2π × 4 MHz, and (c) δ
(e)
0 = 2π × 4 MHz, δ

(e)
D = 2π × 2 MHz. In

(a)–(c) we show the expected empty-cavity spectrum as a light gray
dotted line.

�L ≈ 2π × 4 MHz. These features result from slight differ-
ences in the alignment of the preparation beams. The latter
figure is in its form reminiscent of our theoretical prediction
of Fig. 4, likely due to an offset of the stream of excited-state
atoms, δ

(e)
0 �= 0.

We show theoretical curves where we assume Ne = 1 ×
105, (b) δ

(e)
0 = 2π × 2.5 MHz, δ

(e)
D = 2π × 4 MHz, and (c)

δ
(e)
0 = 2π × 4 MHz, δ(e)

D = 2π × 2 MHz. In addition, we have
removed all ground-state atoms in our simulation Ng = 0.
We point out that the choice of parameters is not unique
and showcases how the gain spectrum can be influenced by
variations in preparation beam conditions. From these obser-
vations and simulations, we can draw two conclusions. First,
the small absorption effects indicate that a large portion of
the ground-state atoms have been detuned, suggesting that the
cleaning stage is partially effective. Second, the optical gain
distribution in the cavity mode is subject to broadening and
offsets, similar to the normal-mode splitting, due to minor
divergences and misalignments (less than 1◦), respectively.

V. CONCLUSIONS AND FUTURE DIRECTIONS

We have described the design and characterization of an
apparatus suitable for performing continuous cavity QED
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experiments with cold atoms in the short-memory-cavity
regime. By preparing a continuous sample of 1S0

88Sr atoms
that couple to the mode of a bad cavity, we have demon-
strated the emergence of nonlinear behavior in the system
on the 1S0 − 3P1 transition. We see this in the form of the
well-known normal-mode splitting, but also observe a regime
in which the system has a binary-type normal-mode splitting.
By inverting the atomic sample and driving the system with an
external resonant seed, we observe an increase in transmission
of up to 10% compared to an empty cavity, indicating the
presence of optical gain. This signal constitutes the first steps
towards realizing fully continuous superradiant lasing on the
intercombination transition of strontium. In order to interpret
the experimental results, we have developed a mean-field the-
ory that comprehensively accounts for real-world effects such
as transit time, Doppler broadening, Gaussian cavity mode,
velocity offsets, and imperfect pumping. Moreover, we have
investigated how various parameter regimes can be discerned
through simple experimental measurements. Specifically, we
have examined the scenarios of weakly or strongly driven
atom-cavity systems as benchmarks for detecting the emer-
gence of an atomic collective state and characterizing its
properties. Our studies have also highlighted limitations of
traditional atomic-beam apparatus designs, specifically re-
lated to the use of balanced optical molasses for high-density
atomic beams. In particular, we have observed that the partial
absorption of the molasses beams results in inefficient cooling
and an inability to correct for structural tilts. The observed
discrepancy between the theoretically predicted and the exper-
imentally observed optical gain values underscores the need
to improve the atomic state preparation scheme. This invites
a number of modifications to the experimental system, such
as improvements to the transverse cooling and state-transfer
stages. Both the experimental and theoretical analysis indicate
that we are only an order of magnitude away from achieving
self-sustaining lasing conditions.
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APPENDIX A: DETAILS ON THE NUMERICAL
SIMULATION OF THE MEAN-FIELD EQUATIONS

In this Appendix, we report details on the simulation of
Eqs. (15)–(18).

We simulate an effective two-dimensional beam that de-
scribes the atomic density along the cavity axis (z axis) and
the beam axis (x axis). In this description, we ignore op-
tomechanical forces; this assumes that the atomic momentum
width is much larger than the photon recoil. In addition, we
assume that the spatial width of the beam (along the z axis)
is much wider than an optical wavelength. This allows us to
assume that the beam is spatially homogeneous over many
wavelengths and stationary in time.

To simulate the equations of motion we define unitless
quantities as follows:

x̃ = x

2w
, (A1)

z̃ = kz, (A2)

ṽx = px

mv̄x
, (A3)

ṽz = kpzτ

m
, (A4)

t̃ = t

τ
. (A5)

The equations of motion for the four unitless quantities are

dx̃

dt̃
= ṽx, (A6)

dz̃

dt̃
= ṽz. (A7)

The mode function in Eq. (12) simplifies to

η(x, z) = cos(z̃)e−4x̃2
. (A8)

To simulate a flux of atoms, we define the entry position of
the atoms at x̃ = −3/2. This gives a very weak atom-cavity
coupling reduced by exp(−9) ≈ 1.2 × 10−4. As a first step,
we sample the velocities along the x direction. For this we cal-
culate the cumulative distribution to find a particle of velocity
ṽx < Ṽx given by

F (Ṽx ) = 1 − e− π
4 Ṽ 2

x . (A9)

By sampling a random number, a ∈ [0, 1], we obtain the ran-
dom velocity

ṽx =
√

− 4

π
ln(1 − a), (A10)
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FIG. 10. Atomic fluorescence in the cavity seen through a cavity
mirror. We couple a 689 nm beam into the cavity. This addresses
the atoms at the center of the cavity, roughly 2 mm along the x
axis, where they are transferred to |e〉, transparent to the fluorescence
beam. The cut is chosen to highlight the dark stripe due to these flying
atoms.

which determines the velocity of the particles that enter the
cavity. The average number of particles is then calculated
assuming a homogeneous density

dn̄ = N × ṽx × dt̃ . (A11)

In order to sample the actual integer number of particles dn
we assume Poisson statistics and sample dn from a Poisson
distribution with mean value dn̄. After having set the initial
values for x̃, ṽx, and the atom number, we sample the atomic
position along the cavity axis z̃ as a random number between
[0, 2π ). This relies on the homogeneity of the atomic den-
sity over many wavelengths. The velocity ṽz is sampled as a
Gaussian random variable with mean 〈ṽz〉 = δ0τ and variance
〈ṽ2

z 〉 = δ2
Dτ 2. This completes the sampling of the atoms that

enter the cavity in each time step of the simulation. Their
dynamics is subsequently simulated by Eqs. (15)–(17) and
Eqs. (A6) and (A7). In addition, when the trajectories have
reached the point x̃ = 3/2, we remove the trajectory from our
simulation. This is the point where we assume that the atoms

leave the cavity and have the same weak coupling between
atom and cavity that defines the point of entry.

APPENDIX B: DETAILS ON EXPERIMENTAL MOTION
ALONG THE ATOMIC-BEAM AXIS

Here, we outline the experimental procedure for measur-
ing the vertical velocity vx of the atoms as they transit the
cavity mode. To perform this measurement, we exploit the
high transparency of our cavity mirrors at the blue transition
wavelength—461 nm. We direct a resonant fluorescence beam
across the cavity along the y axis. If atoms in |g〉 = 1S0 are
present, their fluorescence is collected with a camera, through
one of the cavity mirrors. The cavity is resonant with the
atomic transition |g〉 → |e〉, where |e〉 = 3P1,mj=0. By cou-
pling a resonant 689 nm probe beam into the cavity, the atoms
become dark to our blue fluorescence beam, casting a shadow
in the fluorescence profile. This is shown in Fig. 10(a) as the
appearance of a distinct dark stripe in our fluorescence image.
To measure atomic velocity along the vertical x axis, we
modulate both fluorescence and probing beams at a frequency
typically within the range of 300 to 400 kHz. This frequency
is carefully optimized to suit the oven temperature, taking
into account the limited optical access provided by the cavity
spacer aperture, which is approximately 4 mm wide. Upon
traversing the cavity mode, an atomic sample is subjected to
imaging and probing by the modulated probe beam. Subse-
quently, it is imaged again after traveling a certain distance
determined by the chopping frequency and vertical velocity.
By measuring the distance traveled, we can determine vx. We
use a simple Gaussian fit to estimate the first and second
positions and use the width of the second Gaussian as an
estimation of the atomic velocity spread. With this method,
we measure vx = 400 ± 50 m/s for T = 773 K. This is com-
parable to the value expected using Eq. (2).
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