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Abstract: At the Istituto Nazionale di Ricerca Metrologica (INRIM), a commercial dual source high resistance bridge has

been optimized by means of the application of statistical tools and of the analysis of measurements distributions. These

tools help to achieve the best precision for resistance ratio measurements in the range 10 TX 7 100 TX. A measurement

procedure consisting of multiple steps, in which at each one the value of the resistor under calibration is updated and has

been considered the best one. With this procedure, at the third step, the lowest standard deviation of the mean and the

measurements distribution approximately normal are obtained regardless of the settle time, of the resistance ratio, of the

measurement voltages and of the resistors under comparison. This comes from the achievement of the white noise regime

and from a bridge balance close to the ideal. This measurement procedure therefore allows also to achieve the lowest

measurement uncertainty due to the minimization of the type A uncertainty. The Allan variance and the power spectral

density were used to identify the white noise analyzing the detector readings. Strict triangulation rules were also estab-

lished and applied to validate both the measurement process and the chosen model to extrapolate the values of the standard

resistors at low voltages.

Keywords: High dc resistance measurements; Dual source Wheatstone bridge; Allan variance; Power spectral density;

Gaussian distribution; Triangulation rule; White noise; Measurement uncertainty

1. Introduction

A common goal in metrology is the minimization of the

systematic errors that affect the measurement precision. In

electrical metrology, systematic errors can come from

noises, mainly the 1/f one, due to the electronics of the

modern instrumentation. When such noises appear, the

measurements are correlated and therefore the classical

variance cannot be applied [1]. The Allan variance (AV)

and the power spectral density (PSD), common in time and

frequency metrology, were also used in low-frequency

electrical metrology to characterize dc nanovoltmeters [2],

to investigate the noise in Zener-based voltage standards

[3] and to optimize a potentiometric system [4]. These

tools allow identifying the white noise regime where the

measurements are independent, and therefore, the classical

mean and standard deviation of the mean can be applied.

Triangulation rules were instead applied to check

impedance comparison bridges [5] and to reproduce the dc

electrical resistance unit at high level [6], respectively. In

our work, strict triangulation rules were used to validate

both the measurement process and the choice of a poly-

nomial model to extrapolate the values of the standard

resistors at low voltages by means of the INRIM CCC

software [7]. All the measurements are available at:

https://zenodo.org/record/7760237#.ZBwT8fbMKM9.

1.1. The DSB High Dc Resistance Bridge

Main National Measurement Institutes calibrate standard

resistors from 10 MX to 100 TX and above by means of

the dual source bridge (DSB) equipped with two dc voltage

sources in the active arms of a Wheatstone bridge and a

detector to seek the bridge balance [8–13]. The two e

calibrators supply the voltages Vx and Vs, respectively, in

the same ratio of the resistors Rx and Rs under comparison.

The currents in Rx and Rs are in opposition and the bridge is

balanced when their difference is null. As an ideal balance
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cannot be achieved, the detector measures the residual

unbalance current to calculate Vs. The Rx value is given by:

Rx ¼ Rs
Vx

Vs

� �
ð1Þ

The bridge balance can be sought also by means of

voltage detection [12, 13]. Although this method is widely

described in literature, noises at the detector and

measurement waiting times according to the resistors

typology are not yet exhaustively investigated. Our work

has tried to fill these lacks by applying the AV, the PSD,

the analysis of the measurements distributions and of strict

triangulation rules. This activity has allowed identifying

the white noise regime, where the measurements are not

affected by the 1/f noise in order to achieve the best

performance of a commercial DSB.

1.2. The INRIM Commercial DSB High Dc Resistance

Bridge

For high resistance measurements, at the Istituto Nazionale

di Ricerca Metrologica (INRIM) operate two systems [10].

The first is based on a dc voltage calibrator and on a

multimeter. It is used for calibration of resistors in the

range 1 GX 7 1 TX. The second is a DSB, used for cal-

ibration in the range 100 GX 7 100 TX. Both systems

were validated through their successfully participation at

the comparisons [14, 15]. At INRIM is also available an

automatic commercial DSB operating from 100 kX to 1 PX
provided by the manufacturer with coaxial cables for the

resistors connections. The bridge software was updated

twice according to the INRIM advice [16, 17]. In [17], a

description of the measurement modes available by the

bridge (single measurement and multiple measurements

with the auto update process) and the result of a compati-

bility test at 100 TX were given.

2. Measurements

Three ultra-high value resistors were involved in the

measurements that followed the sequence of Fig. 1. The

MI1 resistors are based on a bulk resistive element while

the Gdl2 resistor is based on a resistance network.

In Table 1, the resistance ratio measurements according

to Fig. 1 with the indication of the evaluated mean ratios

and standard deviations of the mean [18] are reported.

The first ratio measurements were made by means of the

single measurement mode at a settle time 3s (time constant

s 600 s) at 250 V, 500 V, 750 V and 1000 V.

Successively, the same measurements were made by means

of the multiple measurements mode with the auto update

process in four steps at increasing settle times (from � s to

3s). This choice was made to expedite the measurements

that anyhow lasted for several days. In the auto update

process, the Rx value is changed at each step approaching

its best estimate as at each step the current at the detector

approaches zero. In the first two steps, the detector was

treated as a picoammeter taking into account its calibration

value, while at the third step, it was treated as a null

detector. As the standard resistors involved in the com-

parisons were not calibrated at low voltages, their values at

these voltages were extrapolated by means of prediction

intervals using the INRIM CCC software [7]. All the

measurements were made in the white noise regime having

established the number of the detector readings to achieve

this regime (see par. 3.2). Table 2 reports the results of the

comparison A, Fig. 1.

Figures 2a, 2b and 2c show the values of the standard

deviation of the mean vs. the measurement settle times for

the comparisons B, C and D with the multiple measure-

ments mode with the auto update process for each mea-

surement voltage.

3. Errors Analysis

The statement in [19] that limits the DSB to 1 PX and the

failure of a compatibility test at the same value between the

two INRIM DSB bridges (the INRIM developed and the

commercial one [20]) demanded an analysis of the sys-

tematic errors affecting this technique at ultra-high resis-

tance values.

3.1. Analysis of the Measurements Distributions

In Table 2 and in Figs. 2, the lowest standard deviations of

the mean are observed at the third step. This is likely due to

both a satisfactory bridge balance (close to zero current at

Fig. 1 Resistance ratio comparisons made with the commercial DSB

Par23 Measurement International (MI).
Par24 Guildline (Gdl).
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the detector) and to the white noise regime. These lowest

standard deviations of the mean are observed regardless of

the resistance ratio, of the resistors under comparison, of

the measurement voltages and of the measurement settle

time. To confirm the last statement, the tasks 23–26 of the

comparison A (Table 2) were made also at s 280 s and the

lowest standard deviation of the mean is again observed at

the third step. Figures 3a) to 3i) show the histograms of the

comparisons A, B and D with the multiple measurements

mode at 500 V. These histograms were made according to

the Sturges rule [21].

b ¼ 1 þ 3:322 � log Nð Þ ð2Þ

where b is the number of bins (intervals) and N is the

measurements number. A better analysis is currently

underway by means of the Kolmogorov–Smirnov test [22].

Table 1 Resistance ratio measurements according to Fig. 1

Comparisons Ratio Mean ratio r Standard deviation of the mean of the ratio sr

A Rs 10 TX MI Rx 100 TX Gdl 1:10 rA srA

B Rs 10 TX MI vs Rx 100 TX MI 1:10 rB srB

C Rs 100 TX MI vsRx 100 TX Gdl rCrC srC

D Rs 100 TX Gdl Rx 100 TX MI rD srD

Table 2 Measurement results of the comparison A

Comparison A Settle time (s) Unbal. (9 10–6) Voltage (V) Ratio r (9 10–6) srA(9 10–6)

n Task

1 rA0 250 V 3s 1800 40.001 250 20.161 693

2 rA0 500 V 3s 1800 20.001 500 17.351 406

3 rA0 750 V 3s 1800 13.334 750 17.987 344

4 rA0 1000 V 3s 1800 10.001 1000 17.551 255

5 rA1 250 V
1/2s 300 40.001 250 18.121 1338

6 rA2 250 V s 600 – 250 20.554 1807

7 rA3 250 V 2s 1200 – 250 18.143 338

8 rA4 250 V 3s 1800 – 250 19.161 1167

9 rA1 500 V
1/2s 300 20.001 500 17.014 604

10 rA2 500 V s 600 – 500 18.183 629

11 rA3 500 V 2s 1200 – 500 17.542 156

12 rA4 500 V 3s 1800 – 500 14.520 335

13 rA1 750 V
1/2s 300 13.334 750 17.299 349

14 rA2 750 V s 600 – 750 16.859 298

15 rA3 750 V 2s 1200 – 750 17.524 91

16 rA4 750 V 3s 1800 – 750 16.842 496

17 rA1 1000 V
1/2s 300 10.001 1000 17.146 311

18 rA2 1000 V s 600 – 1000 18.718 197

19 rA3 1000 V 2s 1200 – 1000 17.367 81

20 rA4 1000 V 3s 1800 – 1000 16.320 251

21 rA0 1000 V 3s 840 10.001 1000 17.384 193

22 rA0 1000 V 3s 840 – 1000 17.359 186

23 rA1 1000 V
1/2s 140 – 1000 17.098 188

24 rA2 1000 V s 280 – 1000 17.455 248

25 rA3 1000 V 2s 560 – 1000 18.287 147

26 rA4 1000 V 3s 840 – 1000 17.484 358

The unbalance value is the initial closeness to the perfect bridge balance set programming a measurement sequence. Updating the value of the

resistor under calibration the unbalance is automatically lowered at each step approaching at best the ideal bridge balance (i.e., zero current)

Bold values indicates the tasks in which the corresponding triangulation rule is satisfied

Application of Statistical Tools to Optimize a Dual Source Electrical High Dc Resistance Bridge… 575

123



At the third step, the distributions are close to the

Gaussian one.3 The distributions corresponding to the first

two steps and to the fourth one deviate from the Gaussian

one, meaning that the measurements are affected by sys-

tematic errors. These are due in the first two steps, to the

balance of the bridge far from the ideal while in the fourth

step are due to the drift of the calibrators.

3.2. Application of the Allan Variance

and of the Power Spectral Density

To apply the AV and the PSD to investigate the noises at

the detector, its input current was converted to ± 2 V at its

output and acquired by a digital fast Fourier transform

(FFT) digital analyzer. Figure 4a, b, c, d, e, f, g and h

shows the ADs and the PSDs of the comparisons C and

D at 500 V. These graphs were obtained elaborating the

detector readings by means of the Stable32 software [23].

In Figs. 4, the PSDs behavior inversely proportional to

frequency reveals a 1/f noise regime [1] in the range around

0.01 Hz 7 1 Hz. This noise is likely due to the dc voltage

calibrators. At about 1 Hz, the 1/f noise merges with the

white noise, which lies around.

1 Hz 7 20 Hz. The AD and the standard deviation

reach their minimum at integrating times around

0.64 s 7 1.28 s for measurements at voltages from 250 to

1000 V. No increase in accuracy can be gained at longer

integrating times due to the 1/f noise. By means of these

estimators, it is then possible to establish the appropriate

number of the detector readings to assure that the mea-

surements are made in white noise regime. In this regime,

the AD and the standard are linked by the:

¼ rx Nð Þ ¼ 1ffiffiffiffi
N

p
HD fð Þj j

ry sð Þ ð3Þ

where N and HD(f) are, respectively, the number of the

readings of the detector and its transfer function. In

Table 3, the conversion from the AD minimum to the

standard deviation of the signal at the detector and the

appropriate number of its readings to operate in white noise

regime are reported.
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Fig. 2 a Standard deviation of the mean vs. measurement settle time

for the comparison B. b. Standard deviation of the mean vs.

measurement settle time for the comparison C. c. Standard deviation

of the mean vs. measurement settle time for the comparison D in

Fig. 1. The measurements at 1000 V were performed only at 300 s as

for longer times the voltage on Rs was higher than 1050 V stopping

the program

Par25 More precisely, they are close to the Student’s distribution that,

in turn, is close to the Gaussian one for a low number of

measurements.
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Fig. 3 a Comparison A, 2nd step, b Comparison A, 3rd step, c. Comparison A, 4th step, d Comparison B, 2nd step, e Comparison B, 3rd step,

f Comparison B, 4th step, g. Comparison D, 2nd step, h Comparison D, 3rd step, i Comparison D, 4th step

Application of Statistical Tools to Optimize a Dual Source Electrical High Dc Resistance Bridge… 577

123



Fig. 4 a PSD, comparison C at ? 500 V., b AD, comparison C

at ? 500 V., c PSD, comparison C at - 500 V., d AD, comparison C

at - 500 V., e PSD, comparison D at ? 500 V., f AD for the

comparison D at ? 500 V., g PSD for the comparison D at - 500 V.,

h AD for the comparison D at - 500 V
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3.3. Application of Triangulation Rules

The fulfillment of strict triangulation rules, taking into

account the lowest standard deviation of the mean (corre-

sponding to the third step of the auto update process),

allows to validate the measurement procedure and the

chosen model to extrapolate the values of the standard

resistors at low voltages. According to Fig. 1, it should be:

rA ffi rB � rC or 1 � rA
rB � rC

� 106 ffi 0 ð4Þ

and rB ffi rA � rD or 1 � rA � rD
rB

� 106 ffi 0 ð5Þ

The fulfillment of the following equations at the third

step of the multiple mode, where the sr are the lowest, was

verified:

ðaÞ 1 � rA
rB � rC

� 106\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
rA þ s2

rB þ s2
rC

q
ðbÞ ð6Þ

and ðaÞ 1 � rA � rD
rB

� 106\
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2
rA þ s2

rB þ s2
rD

q
ðbÞ

ð7Þ

This test allowed to check the correctness of the chosen

measurement process in the most critical condition. The

obtained results from our measurements are shown in

Tables 4 and 5 where the measurements at the third step

correspond to the tasks 7, 11, 15 and 19.

4. Discussion

To fully validate the measurement procedure, based on the

auto update process, the triangulation rules corresponding

to ratio measurements at the third step following the

scheme in Fig. 1 have to be satisfied. If this condition holds

(to be confirmed by other methods as Monte Carlo simu-

lation), the vice versa has also to hold. According to this

validation condition, our measurement process has not

been yet fully validated. In fact, the triangulation rule of

Eq. (6) at the third step was satisfied only at 250 V (task 7,

in green, Table 4). The rule (7) at the same step was instead

satisfied at 250 V, 500 V and 750 V (tasks 7, 11, 15, in

green, Table 5). At 1000 V, the rule 7 was not tested as the

comparison D was not made (see Table 2d). The RSS

values (Eqs. (6)b and (7)b) at the step 3 are on the same

order, while the corresponding values 6a and 7a differ at

higher voltages than 250 V. The 6a values increase as the

measurement voltage increases, while the same effect is

not observed for the 7a values. Being rA and rB in both

equations, rC and rD are not compatible presumably for an

interchangeability error due to the different function (Rs or

Rx) of the two 100 TX resistors in the comparisons C and

D. For these two ratio measurements, the waiting times of

the measurement have to be different as the bulk-based

resistor, when acts as Rs, needs a longer time to allow a

reliable measurement. On the other hand, at longer waiting

times, drift and malfunctions of the dc calibrators, due to

their overheating, can occur. These results should be

extended in further measurements also up to 1 PX.

5. Conclusions

The measurement mode allowing the best performance of

the commercial DSB in ultra-high dc resistance consists of

multiple steps by means of the multiple measurements

mode with the auto update process. The value at the third

step is trustworthy as not depending on the settle/waiting

time, on the ratio value, on the measurement voltages and

on the resistors under comparison. The shape of the mea-

surements distribution at this step, close to the Gaussian

one, confirms this statement. The reliability of the value at

the third step is due to the achievement of both a satis-

factory close to zero current at the detector and of a white

noise regime. At the same step, the lowest uncertainty of

the resistance ratio measurements is also obtained. This

result does not imply consequently that the value of the

resistor under calibration at the third step is its best esti-

mate, as other systematic errors, not depending by the

bridge, may occur. Such errors come from the calibration

value, from the drift and from the temperature effect of the

standard resistor. The not completely satisfactory triangu-

lation exercise suggests further investigations on the

Table 3 Conversion from the minimum value of AD to the standard deviation of the signal at the detector and to the number of the detector

readings in white noise regime

V ry (s) (mV) rx(N) (fA) Detector readings (NPLC 20 ms)

250 0.43 0.5 64

500 0.39 0.7 32

750 0.41 0.7 32

1000 0.40 0.7 32

As the detector is set 1 PLC, the appropriate number of the detector readings to be in the white noise regime is evaluated by dividing by 20 ms

the s value corresponding to the lowest AD [17]
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Table 4 Triangulation results according to Eq. (6)

Task Settle time (s) Unbal. (9 10–6) Voltage (V) Equation 6 (a) (9 10–6)
(b) RSS (9 10–6)

Single measurement mode

1 3s 1800 40.001 250 - 3015 1286

2 3s 1800 20.001 500 - 422 590

3 3s 1800 13.334 750 - 5549 472

4 3s 1800 10.001 1000 - 7536 336

Multiple measurements mode

5 1/2s 300 40.001 250 - 336 2123

6 s 600 – – - 223 2142

7 2s 1200 – – 2 549 723

8 3s 1800 – – - 6071 1471

9 1/2s 300 20.001 500 - 2863 753

10 s 600 – – - 3952 1012

11 2s 1200 – – - 2053 366

12 3s 1800 – – 2908 825

13 1/2s 300 13.334 750 - 5610 532

14 s 600 – – - 2797 594

15 2s 1200 – – - 4139 265

16 3s 1800 – – - 2079 604

17 1/2s 300 10.001 1000 - 6798 484

18 s 600 – – - 7446 489

19 2s 1200 – – - 6006 208

20 3s 1800 – – - 4890 454

RSS: Ratio Sum Square

Bold values indicates the tasks in which the corresponding triangulation rule is satisfied

Table 5 Triangulation results according to the Eq. (7)

Task Settle time (s) Unbal. (9 10–6) Voltage (V) Equation 7a) (9 10–6)
7b) RSS (9 10–6)

Single measurement mode

1 3s 1800 40,001 250 - 2927 1368

2 3s 1800 20,001 500 1615 582

3 3s 1800 13,334 750 528 465

4 3s 1800 10,001 1000 - 625 319

Multiple measurements mode

5 1/2s 300 40,001 250 - 878 2056

6 s 600 – – - 240 2042

7 2s 1200 – – 2 579 689

8 3s 1800 – – - 6865 1458

9 1/2s 300 20,001 500 783 720

10 s 600 – – - 2480 933

11 2s 1200 – – 2 23 303

12 3s 1800 – – 2921 695

13 1/2s 300 13,334 750 244 501

14 s 600 – – 501 489

15 2s 1200 – – 168 235

16 3s 1800 – – 925 585

17 1/2s 300 10,001 1000 682 448

Bold values indicates the tasks in which the corresponding triangulation rule is satisfied
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correct waiting times according to the typology and func-

tion of the resistors under comparison and on the mini-

mization of the drift of the calibrators at long waiting

times. Further weakness of the commercial bridge could be

its guarding system based on coaxial connections. As the

result of the comparison at 100 TX [22] partially conflicts

with the results of this paper, after an analysis of the errors

also of the INRIM DSB bridge, a new comparison at the

same value has to be repeated to confirm the current

results. Further outcomes will be the applying of the tri-

angulation rules till to 1 PX and the equipment of the

bridge with a triaxial guarding system to verify if this

change can further improve the bridge performance. The

statistical tools applied in this paper can be applied when

the compatibility in inter-laboratories comparisons fails

and in other low-frequency electrical quantities.
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